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XXX. M. de lug's Rules, for the mea- 
furement of Heights by the Barometer, 
compared with Theory, and reduced to 
EngliOi Meafures of Length, and adapted 
to Fahrenheit's Scale of the Thermometer : 
with Tables and Precepts, for expediting 
the praSiical Application of them. By 
Samuel HoHley, LL.D. addrejfed to 
Sir John Pringle, Bart. P. R. S. 



TO SIR JOHN PRINGLE, BART. P. R. S. 
SIR, 

fcedde, Feb. 17/TN the papers which I have the honor 
* 774# X t0 prefent to you, nothing more 
was at firft intended, than to reduce the formula 
given by Mr. de luc, in his elaborate work 
upon the modifications of the atmofphere f for 
expreffing differences of elevation, as indicated 
by the barometer and thermometer, in Paris toifes, 
to others, which, from the like data, fhouid ex- 
pj*efs fuch differences in Englifli fathom ; and at 
the fame time be adapted to that fcale of the ther- 
mometer, which is in general ufe in this country. 
Had I confined myfelf to this, which was my ori- 
ginal 
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ginal defign, I fhouid certainly have fupprejfTed what- 
ever I might have executed, as I find my learned 
friend the astronomer royal hath devoted 
fome of his leifure hours to thefe calculations $ and 
the reductions, I propofed, are actually performed, 
in a fhort and elegant paper of his upon the fubjedt, 
which is already, I believe, in Dr. maty's hands. 
But I had made but a fmall progrefs in my intended 
work, when it occurred to me, that tables of the 
equations for the efFefts of heat and cold, would be 
very ufeful. Such I have taken the pains to con- 
ftru&, and have carried them to as great a length, 
as can be ever wanted. They are annexed to 
the enfuing piece, and will render the application of 
Mr. de luc's rules more eafy and expeditious, than 
any peculiar divifions of the thermometrical fcale. 
When my tables were finifhed, I thought it might 
be ftili further ufeful, to give a fuccind: explanation 
of Mr. de luc's orignal formula ; that fuch as have 
not leifure to perufe his excellent work, might be 
furniflied with a competent idea of the refult of his 
refearchesi This, 1 found, I could not do, in any 
way fo fatisfadtory to myfelf, as by opening, as I 
went along, the principles of theory, in which the 
conclufions, he hath arrived at, appear to originate. 
And thus I was infenfibly led into minute difquifi- 
tions, concerning the agreement of Mr. de lug's 
conclufions, from a long train of accurate experi- 
ments, with the geometrical theory of the atmo- 
fphere, founded on the general laws of gravitation. 
In this^manner, sir, the papers before you have 
taken, as it were fpontaneoufly, the form, in which 
they now appear 5 and a fubjeft, remotely connected 

with 
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with my firft defign, takes up the far greater part of 
them. They can hardly be free from the imper- 
fections naturally incident to produ&ions, in which 
the plan hath been gradually changed, during the 
actual progrefs of the work. I flatter myielf, how- 
ever, that they are not deficient in two eflentki 
points, the precifion and the perfpiquity of the ma- 
thematical reafoning ; and that, nowever unfinifhed 
in fome particulars, they are fuch upon the whole, 
as the dignity of the fubjeft may, in fbme degree, 
commend to your protection. There is perhaps no 
branch of phyfical enquiry, intrinfically more fublime 
and interesting, nor likely to be more important in 
its ufes, than that which immediately regards the 
conftitution of that elaftic fluid, which furrounds 
our globe, and appears to be a principal .agent, in 
many of the moft ftriking operations of nature, 
and a neceffary inftrument, at leaft, in carrying on 
the wonderful bufinefs of vegetation and of animal 
life. Upon a fubjed; of fo much importance, it muft 
afford fa tisfaft ion, to find fo exadtan agreement, as 
is evinced, if I am not much deceived, in the enfuing 
pages, between a multiplicity of experiments, not 
luggefted by any previous {peculations of theory, 
with a theory, whofe conclufions in this branch had 
never before been duly fubmitted to the teft of ex- 
periment. 

The whole of the following paper is divided into 

fix fe&ions. The bufinefs of the firft, is merely 
preparation for the principal work. It contains a 
brief account of the fum of Mr. de luc's re- 
searches concerning the variation of the beat of 
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foiling water , Co far only as they refpedfc the con- 
ftru&ion and comparifon of mercurial thermome- 
ters ; and it exhibits an a&ual comparifon of the 
fcale of M. r>E luc's thermometer, with $hat 
which is likely to continue in general ufe here/ In 
the fecond, I ftate the general principles of mea- 
furing heights by the barometer; or in other words, 
of the modification of the air, with refpeft to its 
condenfations, at different heights, by the prefTure of 
the fuperior parts, cxclufive of every other caufe. 
Thefe principles are recapitulated for the fake of 
perfpicuity and order ; but, as they are generally well 
known, I refer to former writers for the demonftra- 
rion of them. This fe&ion concludes with the ex- 
pofition of M. db Lire's fundamental rule* The 
third fe&ion treats of the equation depending on 
the difference of temperature of the quickfilver in 
the barometers, at the different places of fynchro- 
nousobfervation. It explains, whence the pecefiky 
of this corre&ion arifes, and considers a cafe, in 
which the application pf it requires fomc particur 
"Jar attentions; namely, the levelling a trad: of flat 
country by the barometer. The fourth fe&ion ex- 
plains the equation depending on the temperature of 
the air. This is likewife traced to its origin in theory ; 
and upon this occafion, I enquire into the conden- 
fations of a, fluid, unequally elaftic in its different 
parts, under different degrees of qompreffive forces 
The fifth fe&ion contains the reduftion of M. de 
luc's formula. I have found, with pleafure, by 
the perufal of Mr. maskelyne's paper, thai wo 
agree in our final conclufions. To this fe&ion, I 
have fubjoined two problems j the one for efti- 
Vox. LXIV. Ff mating 
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mating the variations which the denfity of the air r 
at any place, undergoes ; and the other for deter- 
mining the fpecific gravity of the air of any tem- 
perature, at any elevation. The fixth and laft 
fe&ion points out certain confequences, which feem 
to follow from the difcoveries already made in con- 
junction with the theory eftablifhed. Thefe are 
only propounded to awaken curiofity, and promote 
enquiry. I am well aware, how little theory is ta 
be trufted, in its remote conclusions, on account of 
the neceflary deficiencies of the phyfical data> upon 
which its reafonings are founded. The true ufes> of 
it are, either to explain the mutual connexions and 
dependencies of things already known, or to fuggeft 
conjectures concerning what is unknown, to be tried 
by future experiment. And he who applies it, with 
due circumfpe&ion, to thefe purpofes, will always 
find it an ufeful engine. I flatter myfelf, that I have 
affigned the true caufe of fome very Angular phaeno^ 
mena, remarked by M. deluc. I have endeavoured, 
fc> treat every part of my fubjeft, in theplaineft man^ 
ner, that the nature of it would admits and fo dif- 
fufely, as to be, I hope, intelligible to aH, who are 
moderately well founded in the mathematical fciences j 
for I have obferved with pleafure, that M. de Luc's 
book hath raifed a general curiofity upon the points 
it treats of; and for that reafon, it feemed the more 
neceflary, to depart in this inftance, from a pra&ice 
of late become too geiieral, with mathematicians, to 
write only for one another. To which, if I am not 
miftakeni it is in great meafure owing, that thefe 
noble and ufeful ftudies are lefs generally attended 
to, than they were ia former times ; when men of 

eminence^ 
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eminence, in this, as well as in all other branches, 
placed their principal glory, no lefs in communi- 
cating knowledge, than in acquiring, or feeming to 
poflefs it; and wore content to dedicate large por- 
tions of their time, to the removing of thofe diffi- 
culties for others, which they had once furmounted 
for themfelves. It is trufc, that in the variety of 
mathematical difcuffions, there are fome of fuch & 
nature, that it would be a defperate attempt to ren- 
der them intelligible to any but mathematicians ; to 
thofe, who to the natural faculty of combining, have 
added the mechanical and acquired habits of analytic 
calculation. Such fubjedts are beft treated with 
fcientific brevity. But this is no reafon for wrap- 
ping up others in a fimilar ftile ; and I muft obferve, 
that conclujtonsy at leaft, iare always fufceptible of 
fimple perfpicuous exposition, however abftrufe the 
mode of inveftigation, in fome cafes, may ne- 
ceflarily be, by which they are brought out. 

Such, sir, is the general fcope and plan of the 
following piece, which is prefented to you, in tefti- 
mony of the author's refpefl: and gratitude* 

I have the honour to be, sir, 

your much obliged, 

and moft obedient fervanf. 

N^sfiVrj. SAMUEL HORSLEY, 



Ffa SEC- 
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SECTION FIRST. 

Of the variation of the' -point -of- boiling water* awl 

the COMPARISON of THERMOMETERS. 

TH E degree of heat wherewith any fluid boils* 
is invariably the fame* under a given preffure * 
but if the preffure be dimini/hed or increafed, the 
boiling Jieat is diminifhed or increafed* 

Water, placed under the exhaufted receiver, 
would be converted into fteam, with a degree of 
heat, far inferior to that, which is neceffary to its 
boiling in the open air ; and under the preflure of 
its own vapour, confined in papin's digefter* it is 
iaid to fuftain a degree of heat, without boiling, far 
exceeding that, which, in the open air, would con- 
vert it into fteam. 

Hence it follows, that in climates, where the 
preffure of the atmofphere is liable to confiderable 
change, the heat of boiling water, in the open air* 
will be different, at different times. Confequently* 
thermometers* made in different ftates of the ba- 
rometer* will difagree ; unlefs allowance hath been 
made, for the effedt of the variation of the barome- 
ter, upon accurate principles. 

If care were taken to adjuft the boiling point, to 
the mean height of the barometer* in every coun- 
try* the inftruments of the fame country would 
always be confident j but thofe of different coun- 
tries would ftill difagree, that is, they would ex- 
prefs the fame teniperature differently, though their 
fundamental intervals Ihould be fimilarly divided % 
for* in every fcale, the number of degrees above 
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or below melting ice, by which any given tempe- 
rature is exprefled, will be as the value of each de- 
gree inverfely 5 that is, if each be a given part of 
the fundamental interval, as the value of the fun-* 
^damental interval inverfely ; but, if the degrees of 
different fcales be different parts of the fundamental 
Intervals, as the value of the fundamental ihter#al 
inverfely, and the number of degrees contained in 
it diredtly. 

It is neceffary here to explain fbme of my ex- 
preffions. By the fundamental interval is to be un- 
derftood the whole extent of the fcale between 
melting ice and boiling water. This is not a 
particular length ; for its length is not the fame* even 
in thermometers made in the fame ftate of the ba- 
rometer, unlefs their figures be equal and fimilar $ 
but it is a portion of the whole folid content of the 
thermometer, including fo much of the tube, as 
reaches up to the point of melting ice ; and it is the 
fame portion of the whole folid content in all made 
in the fame ftate of the barometer; but in fuch as 
have been made in different flates, a different por>- 
tion in each. The degrees of the fcale are fub* 
divifions of this portion of folid content, into lefler 
aliquot parts* With refpeft to the number of thefe 
fubdivifions, the practice of different countries is 
different. By the value of the fundamental inter- 
val, or of the degrees of a thermometer, I mean 
the fractions, which exprefs what parts they are 
refpe&ively of the whole folid content, terminated 
as above $ that is, by the point of melting ice : and 
by the proportion of the fundamental intervals, or 
of the degrees, of different inftruments, compared 
together, I underftand the proportion of thefe frac- 
tions. 
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tions. Or every thing may be reduced to a com- 
panion of lengths, if in comparing the inftruments 
of different countries, the comparifon be imagined 
to be made between two of equal dimenfions, and 
fimilar figure, fetting afide that part of each which 
is above the poiqt of melting ice. 

To compare the thermometers, therefore, of 
different countries, the proportions of their funda- 
mental intervals to each other muft be afcertained; 
or, we muft have fome means of finding, upon one 
fcale, the place of the boiling point of another. For 
this purpofe, a general fblution is requifite of the 
following problem : " The fundamental interval 
u being given for a given height of the barometer, 
<c to find the fundamental interval, for any other given 
" height of the barometer. 9 ' The folution is furnifhed 
by M. de Lire's laborious refearches. 

M. i)E luc fixes the boiling point of his ther- 
mometer, when the barometer is at 27 inches 
French M, that being its mean height at geneva. 
He divides the fundamental interval, after the 
French manner, into 80 equal parts; and, by a 
great number of experiments, on the heat of boiling 
water, at different heights above the level of the 
iea, the detail of which is to be found in his' EJdi 
fur la Variation, &c: he hath found, that the height 
of his thermometer, plunged in boiling water, may 
be exprefled, in all ftates of the barometer, by the 
following formula, viz. ^^--^ log. y — a — T. 
In which, y denotes the height of the barometer, 
in fixteenths of a Paris linej T the height of a 
thermometer, plunged in boiling water, above melt- 

(a) Recherches, fur les Modificat. dc V Atmofphcre, §, 45 1 . a. 

ing 



[ 223 J 

ing ice, in hundredths of a degree of M<. de luc 
fcale; and a the conftant number 10387 W. 

It is proper in this place to inform the reader, 
that M. de luc, by logarithms, always mfcans 
the tabular or Briggian logarithms, and eonfidcrs 
the 7 figures given by the tables, befides the in- 
dex, as integral figures; that is, he confiders the 
eighth figure of the logarithm as (landing in the 
place of units. Throughout this paper, I have 
conformed myfelf to this manner of conceiving the 
tabular logarithms, that, upon the fame fubjeft, we 
may fpeak the lame language. But it is mofe 
ufual, with mathematicians, and, in general, it is 
more convenient, to confider all the figures, after the 
index, as decimals. Thus the number, which M« 
de luc expreffes by ^tgrrrr lo g y> would, in the 

common mathematical ftile, be — — : — log. y\ orv 

99 x 5° lo S- y* 

It is but feldom that the barometer in thts coun- 
try (lands fo low as 27 French inches. 30 itiches 
IJnglifh are little more than its mean height upon the 

(b) Ibid.- §. 961. and §. 1143. note a. It may feem doubtful 
whether there is not a imail error in the conftant number 10387V 
The experiments for afcertaining the variation of the boiling 
point were made with a thermometer, of a peculiar fcale; and 
the formula deduced from them was this, •J5S&nr&v log, y — 5015 
.= the height of the thermometer, plunged in boiling water, 
above melting ice, in parts of that peculiar fcale. Recherch. 
fur les Modificat. de TAtmofphere, §. 960. Now a degree of 
this fcale was afterwards found to be to a degree of M. de luc's 
common fcale as 80 to 3869I. And this proportion be- 
tween the degrees of the two icalefr, gives 10368*9 or 10369 
very nearly, inftead of 10387, for the value of the conftant 
number a 9 in the formula for hundredths of a degree of the 
common fcale.. 

plane 
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plane country in the neighbourhood of kONDQN. 
It may, therefore, be proper for the London work- 
men to fix their boiling point, when the barometer is 
At 30 indies. Fahrenheit's divifion of the fcale* 
which makes 180 degrees between melting ice and 
boiling water, and places the point of o at the 
3 2d degree below melting ice, may be retained; 
becaufe long nfe hath rendered it fatiiiliar tons, 
A thermometer thus conftrudled, I fhall call bird's 
Fahrenheit: that eminent mechanic, our coun- 
tryman, Mr. john bird, having been, as I be- 
lieve, the firft workman, who took the p^ins to 
attend to the ftate of the barometer, in making 
thermometers, and having always made it his prac* 
tice, to fix the boiling point, when his barometer 
hath ftood at 30 inches. Taking it for granted, 
that this fcale will continue in general ufe here, I 
fhall give an accurate companion of it with the 
fcale of M. de luc. 

T being put for the height of a thermometer 
plunged in boiling water, above melting ice, in 
hundredths of a degree of M. de lug's fcale, in 
any given ftate of the barometer ; let denote the 
fame height, in hundredths of a degree of bird's 
Fahrenheit. 

Put y for the height of the barometer in i6ths of a Paris line. 
v for its height in Paris lines. 

x in xoths of a Paris inch* 

z in roths of an Engliflwnck. 

And for 10387 put a. 

for 16 put b. 

for 10 put c. 

for 1 2 put d. 

Alfo put E and F for numbers expreffing the pro-' 

portion of the Englifh foot to the French foot* 

Now 
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Now M. de iuc hath found, that whatever 
be the value pf y -, 



9 9 r Io s- y — * = T - 



But log, ^ = log. ^ + log. b. 
and log. x; = log. x + log. d — log. c* 
and log. x s log. 2 4- log. E — log. F. 
Therefore log. 7 == log. z + log* E + log. d + log. b. — log. F — log. c. 

and T7r |-!-s»a; log. z +_^|.^^. log, E. + log. d + log. £ — log, F — log. ^ — azz:T.\ 

But TTrtnro-ar log. E 4- log. d + log. £. — log. F — -log.*: — a = — 4171,55. 
the French foot being to the Englifh as 2,1315 to 2 5 vide Phil. Tranf. vol. LVIIL 

Therefore ^mrr lo & Z ~^7^S5 = T » 

And Trminnr log. 2 — 41,7 *55 = — = the height 

of the thermometer, plunged in boiling water, above 
melting ice, in degrees of M. de luc's fcale, when 
the height of the barometer, in tenths of an Englifh 
inch, is 2u 

Now for z write 300. Then — = 80,902. 

which therefore is the height of the thermometer, in 
boiling water, above melting ice, in degrees of 
de luc's fcale, when the barometer is at 30 inches 
Engliftu And in the fame ftate of the barometer, 
the height of the thermometer plunged in boiling 
water, above melting ice, in degrees of bird's 

Fahrenheit, or, — , is 180. Hence the numbers 

* 100 

T and are in the conftant proportion of 809 
and 1800, whatever be the value of z. For the 
change produced in the heat of boiling water, 
by any change of z 9 being always the fame for 
both thermometers, the temperature expreffed 
by T in parts of one fcale, is always the 
Vol. LXIV. G g fame, 
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?, as e exprefles in parts of the other ; and, 

W T 

therefore, putting jj and g- , for the values of the 
hundredth part of a degree, of the fcales of M* de luc 
and bird refpe&ively* thefra&ions ■£, -g are always 

equals and T, & r are in the conftant proportion of 
the invariable Hungers L, B : confequently, when the 
proportion of T and e is determined for any par- 
ticular value of z, it is found generally for all. 
Therefore, as was affirmed, 

l&zsz 809: 1800. 

And T == . T *^L. © '= ^y^. ®*ery nearly (0 in all values of s* 

and fubftituting this value, for T, in the equation ex- 
hibiting the relation between % and T, we {hall 
have, for the relation between z and 0, 

22 [op;. 2r— 4. 1 ,71 c < ~ — ©. 

20000000 ° ^ l JJ 2000x100 
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° r > 7~ y<t ft - ft lo S' * ~ 9 2 > 8o 4 = — =the height 

7 IOQOOX099 ° 7 -r IOO £> 

of the thermometer in boiling water, above melting 
ice, in degrees of bird's Fahrenheit, when the 
height of the barometer, in ioths of an Englifli 
inch, is .%. And thus M. de. Luc's formula, for 
the variation of the boiling point, is adapted to 
Englifk inftruments, and reduced to Englifh mea- 
fures of length. 

(c) It might be fuffidently accurate For moft j>iT.rpofes,to fubftl- 
tttte *.e.-{— T ^fe e) for T 8 ^ ©• The error of this fiibftitu- 
tion would be about ?&? ®$ and confequently would amount to 
about f of i° of BiR©k Fahrenheit, when z is 300* But the 
e*ror in the fubftitution I have ufed is much Ms y not amounting 
to ?ot* ®> which makes lefs than -fa of a decree of bird's fcale, 
>n the foniecafo** 

For 
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For % write 287,7525 (the length of 27 Frencli 
inches in tenths of an Eaglifh inch) and -— f thtt 

height of de lu^'s boiling point, above melting ice,, 
in degrees of birb's Fahrenheit, conies out 177*989* 
Hence M. de luc's boiling point falls upon 209,989 
of btrd's fcale ; that is, upon 210 very nearly, of 
infenfibly more than two degrees below bird's point 
of boiling; and the reduftion of either fcale to the 
other, in all inferior temperatures, will be as the 
table of comparifon fhews. 

By M. de lug's formula, thus reduced, the 
height of the thermometer, plunged in boiling wa- 
ter, above melting ice, in degrees of bird^s Fah- 
renheit, in any given ftate of the barometer, may be 
computed- But 899 being a troublefome divifor, 
to render the computation more eafy and expeditious, 
take the following method. For .^yy^y log. s. 
write s. 

Then s -f ^ s — 92,804 — ® o very nearly. M 

Upon thefe principles I have computed a HttTe 
table, for finding the heights, to which a good bird's 

(d) If, according to note (^), we take 10369 inftead of 
10587, for the value of the conftant number a in M. de luc's 

formula^ we (hall find, Tc-sS^trsiy log. % — 41,5355 = . 

Whence we fliould obtain s - — ?£? s — 92,198 = very 

nearly. But I abide by the formula given in the text : being per- 
fwaded, that M. de luc hath purpofely adopted the number 
10387, as agreeing better, upon the whole, with his experiments 
than the other ; though I do not recoiled* that he hath, in any 
part of his work, exprefsly faid fo. 

G g 2 Fahrenheit 
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Fahrenheit will rife, when plunged in boiling water r 
in all ftates of the barometer, from 27 to 31 inches 
Englifh. Among other ufes of this table, it will 
ferve for a direction to inftrument-makers, to make a 
true allowance, for the effe& of the variation of 
the barometer, if they are at any time obliged, to 
iinifh a thermometer, when the barometer is above 
or below 30 inches ; but in general it fhould be their 
rule, to watch an opportunity of fixing the boiling 
point, when the barometer is actually at the height 
prefcribed. 

I muft, upon this occafion, declare, how heartily 
I concur with M. de luc, in wifhing, that fome 
common fcale, the fame in the number of its divi- 
sions, its point of o, and its boiling point, might 
be received, with unanimous confent, by phi- 
lofophers of all parts of the world *> that, for the 
future, we might have one general language 1 for fo 
very general an objeft of enquiry and difcourfe, as 
the different degrees of heat and cold. To mathe- 
maticians the comparifon of different fcales, is a 
talk of little labour. But among thofe who have 
a tafte for phyfical researches, and are capable of 
purfuing them* in certain branches at leaft, with 
fome degree of advantage to fcience, as well as £0 
themfelves, there are many, to whom every little 
calculation is a toil. Not having acquired the habits 
of it, in the early part of their lives, they never can 
acquire them, in fuch a degree, as to be able to put 
a confidence in themfelves, and rely, upon the accu- 
racy of their own conclusions. The eafe of fuGh 
peribns fhould, in my opinion, be confulted. But 
thefe are not the only perfons interefted. The in- 
conveniencies to be apprehended from a diverfity of 

icales 
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frales are general. It is not one of the leaft, that 
inftruments eflentialiy different, as made at different 
elevations in the atmofphere, will continue to pafs 
under the fame name. The error and confufion, 
which this may create, is remarkably inftanced, in 
what hath a&ually happened to the thermometer of 
the celebrated reaumur* The inftrument, which 
at this day pafles, all over Europe, under the name 
of Reaumur's thermometer, is eflentialiy different 
from his ; yet it was always fuppofed to be the fame, 
even among his own countrymen, till M. be LUp de- 
tefted the miftake. At what time, upon what oc- 
cafion, or by whom, the change was introduced, is 
ftill unknown* 

SECTION SECOND. 

Of the general principles of meafuring heights by the 

BAROMETER* 

AS it is my defign to compare the practical rules, 
which M. de luc hath deduced from ex* 
periment, . with theory, it is necefiary, for the clearer 
arrangement of the argument, previoufly to ftate the 
general principles, upon which themeaiurement of 
heights by the barometer depends. Indoing this> IfliaJl 
rather aim at perfpicuity than at brevity; referring, 
however, for the demonstration of whatever hath been 
advanced before, to writers of approved authority. 

In any column of the atmofphere, refting 
perpendicularly upon any fmall portion of the 
earth's furface, the denfities of the air diminifh, 
as we afcend to greater heights; and if the 
Staelerative force of gravity were the fame 

at 
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at all heights, the denfities would decreafe geo- 
metrically as the height increafed arithmetically. 
This is an obvious confequence from a known 
property of air, that it expands itfelf through 
a greater or a-lefs fpace, in proportion as the 
force, by which \t is compreffed, is lefs or greater ; 
that is, that the denfity of air, is always as the com- 
preffing force (<r). And from hence it would follow, 
that the difference of the elevation t)f any two places, 
would be as the logarithm of the ratio of the den- 
fities of the air, at each: and the denfity being 
every where as the compreifing force, and thQcom- 
prefling force as the length of the column of quick- 
filver fuftained by it in the barometer, the difference 
of elevation would be, as the logarithm of the 
ratio of the altitudes of the quickfilver in the baro- 
meter, at the fame time, at the different ftations ; that 
is, as the difference of the tabular logarithms of the 
numbers, by which thofe altitudes would be ex- 
prefled in any given meafure (/). But the accele- 
rative force of gravity dimini/hes, in the fame pro- 
portion, as the fquare of the diftance, from the 
earth's center, is increafed. It is not the fame 

(e) Cotes's Hydroftat. Lectures, left. fx. 

(/) See Philofopb. Tranfaft. p. 181. Phi!. Nat. Princip. 
Math. lib. ii. prop. 22. Scholium. Cotes's Hydroftat. Lectures, 
lecl:. ix. Harmon. Menf. p. 17. 

Of all thefe demonftrations, that given by Mr. cotes, in 
the hydroftatical lectures, will be the moft perfpicuous to the 
generality of readers. It is very diffufe, and he hath been 
at great pains to reduce it to the moft fimple principles. 
Mathematicians will find the fubftance of his argument well 
fummed up, by M. d£ la lande, in the Connoiffance for 
the year 1765, p. 2x1, 2x2. who, 1 am perfwaded, would not 
have produced it as a new demonftration, had he known it 
had been given before. 

therefore 
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therefore at all heights above the furface ; and the 
denfities of the air mud decreafe, by a different law, 
from that which would obtain, if the force of gra- 
vity were uniform. This other law, however, is fuch, 
that, to a much greater height than is acceffible to 
man, the gradual variation of the compreffing force 
and denfities of the air, will be fo little different, from 
what it would be upon the former hypothefis, that 
the error of that hypothefis, in the measurement of 
heights, will be abfolutely infenfible. 

Let the point C [tab. IX. fig. i.] reprefent the 
center of the earth. CA the earth's iemi-diameter. 
AB any height above the furface. • At A, place a 
right line, AD> of any finite length, at right angles 
with AC In the right line AC, towards C, take 
AjS, fuch that CA may bear to A/3 the propor- 
tion of CB to BA. In a right line drawn 
through £> at right angles with AC, take £E, of fuch 
length, as to bear to AD the proportion of the den- 
fity of the air at B to the denfity at A> or at the 
earth's furface. The curve, which the point E 
always touches, is a logarithmic, of which AC is the 
afymptote ls\ 

As IJhall have frequent Occafion to conjider the* curve, 
which thus exhibits the relation between denfity and 
elevation, 1 /hall call it the atmospherical 

LOGARITHMIC. 

Imagine this curve deferibed, and take another 

CA X hb 

height A3,cand take A£ = — ^ — , and draw Ce 

(^) Cotes's Hydroftat. Le&ures, p. 161— 167. Harmon. 
Menf. p. 18. Phil. Nat. Pnncip. Math. lib. ji. prop. 22. 
Brooke Taylor, Method* Increment, Prop. 26. 

paralte 
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parallel to (BE, meeting the curve in e. Then j36 is the 
logarithm of the ratio of /3E to £e, or of the denfity 
at B to the denfity at b. But if the greater of the 
two heights, AB and A^, bear but a very frnall 
proportion to the femi-diameter of the earth, their 
difference Bb will be very nearly equal to £6. 
For, becaufe CB : BA == CA : A/3 (by conftru&ion.) 
Therefore, by converfion, CB : C A = C A : C/3. 

In like manner, and by inverfion, CA : C^ =Cg : CA. 
by equi-diftance perturbate, CB : C£— C£: C/3. 

and converting, CB : Bb = Cg : /36. 

by permutation, Bb : /3£~CB : C£. 

But when AB is infinitely diminished, CB = CA 
ultimately. Alfo Ab being infinitely diminished, 
Cg = CA ultimately. Therefore CB = C£ ultimately, 
and Bb = /3C ultimately. Q. E. D. 

Now AB and Ab will always be fo fmall, with 
refpedfc to CA, if B and b be fuppofed to reprefen 
any acceffible places, that CB, €£, and B^, /3£, 
may always, in this cafe, be coniidered, as in their 
ultimate proportion of equality. 

It is ftill therefore to be admitted as a principle, in 
pra&ice, that the difference of elevation of any two 
places, is as the difference of the tabular logarithms 
of the heights of the quickfilver in the barometer at 
the fame time, at both places ; that is, it is the 
logarithm of. the ratio of thofe heights in fom'e 
fyftem of logarithms. And the heights of the quick- 
silver being given, by obfervation, the difference of 
elevation will be known, if that particular iyftem 
can be determined \ that is, if the modulus of the 
fyftem, or the length of the fubtangent of the 

curve 
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curve DE* of that fyftcra, can be afcertained, in fomc 
known meafure, as Engliih fathoms, or Paris toifes. 
The eafieft method of doing this, that theory 
fuggefts, is to compare barometers at two ftations, 
fuppofe B and b> each of a known elevation AB 
and A b y above the level of the fea. For the 
logarithms of any given ratio, in different fyftems, 
are proportional to the Tubtangents j and the differ- 
ence of elevation, B^, diminished in the proportion 
of CB, (the diftance of the higher ftation from the 
earth's center) to C£, (a third proportional to Cb, 
the diftance of the lower ftation from the earth's 
center, and CA, the earth's femi-diameter) is the loga- 
rithm of the ratio of the denfity at B, to the denfity at 
b (that is,, of the columns of quickfilver fuftained in 
the barometer at B and B) in the atmofpherical fyftem. 
Therefore, as the difference of the tabular loga- 
rithms, of thefe columns, to the fubtangent of the 
tabular fyftem, fo ftiould Bb, diminifhed as hath 
been faid, (that is, fo fhould /3£) be to the fub- 
tangent of the atmofpherical logarithmic. The 
utmoft height, to which we can afcend, above the 
level of the Tea,, is fo fmall, that the redu&ion of 
B^ may, even in this inveftigation, always be neg- 
le&ed. For, if AB were four Englifh miles, which 
exceeds the greateft acceflible heights, even of the 
Peruvian mountains, and AS three, /3£ would be 
Icarce one part in 500 lefs than Bb. So that, by 
comparing barometers at different elevations, within 
a mile above the level of the fea, the fubtangent of 
the atmofpherical curve might be determined, as 
it fliould feem, without fenlible error, by taking 
fimply the difference of elevation, without reduc- 
Vol. LXIV. Hh tion, 
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tk>n, for the logarithm of the ratio of the obfer ved 
heights of the quickfiiver in the atmofpherical fyftem. 
Thole, however, who have attempted to determine 
the fyftem, by this method, have hitherto agreed but 
ill in their conclusions. The fa<ft is, that the length 
of this fubtangent is very different at different times. 
The caufe$ and quantity of its variation will be con- 
fidered in another place. It appears, from M. de 
luc's experiments, that, though other wife fubje&to 
change, it is conftant in a given temperature. And 
that when the temperature of the air is + 16* of 
his fcaje, the difference of the tabular logarithms of 
the heights of the quickfiiver in the barometer, 
fives the difference of elevation in roooths of a 
Wis toife W. This is the rule, which he hath derived 
from a great number of experiments made at very 
different elevations: and the truth of it being ad- 
mitted* it is a neceffary confequence, that the-nuta- 
her, which is the modulus of Briggs's fyftem, expreffes 
the length of the fubtangent of the atmofpherical 
curve, fuch as it is in that temperature, in i oooths 
of a Paris toife. 

(A) Recherch. fur lea Modif. de TAtmofph. §, 588. 
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SECTION THIRD. 

Of the equation for the difference of temperature 6( 
the quicksilver in the barometers, at the different 

STATIONS* 

THE pfeceeding rule, however, muft not be 
expe&ed to give an accurate refult, even in 
that particular temperature of the atmofphere, to 
which it is adapted, unlefs the fpecific gravity of the 
quickfilver, in the barometer, hath been the fame at 
both ftations, at the time of obfervation. If the 
fpecific gravity hath been different, at the different 
ftations, the heights of the quickfilver, in the ba- 
rometer, will not have been proportional to the den- 
sities of the air ; that is, to the forces by which they 
have been fuftained : and the calculation, built upon 
the fuppofition that they were fo, becomes erroneous* 
The fpepific gravity of every material fubftance 
varies with its temperature* If the temperature of 
the quickfilver, therefore^ hath been different, at 
the different ftations, the difference of elevation, 
found by the foregoing rule, will require correction, 
though the mean temperature of the air may have 
been fuch as it prefcribes W. No particular tempera- 
ture of the quickfilver is neceffary to the accuracy 
of the refult of the preceeding rule, or to render the 

(7) Obferve^ that the temperature of the quickfilver, in the 
portable barometer, will not be neceffarily the fame with that at 
the circumambient air, at the place and time of obfervation 5 
there will generally be a confiderable difference* 

H h 2 cor- 
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corre&ion, I am now considering, 0$ but only, that 
its temperature, whatever it be, be the fame at both 
ftations. If the temperature hath been the fame, 
the Jpeczfic gravity hath been the fame ; and if the 
fpecific gravity hath been the fame, the length of 
the columns of quickfilver have been as the forces 
by which they were fuftained, whatever the com- 
mon fpecific gravity may have been. Columns of 
water, fuftained in evacuated tubes, of fuffieient 
length, would be proportional to columns of quick- 
filver in the barometer, at the fame times and places, 
provided the temperature of the two water columns 
were the fame, and that of the two mercurial co- 
lumns the fame; and, confequently, the difference 
of the logarithms of the water columns would be 
precifely the fame as of the mercurial columns* 
For the water 'columns, and the mercurial columns, 
are only exprcffions of the fame, abfolute magni- 
tudes, the forces by which they are both fuftained, 
in parts of different fcales. But if the temperature 
«f the quickfilver, or of the water, be different at 
the fame time, at different ftations; then, though 
we compare the water columns with each other, 
and the mercurial columns with each other, ftill we 
compare different things, though we call them by 
the fame name. We compare fluids of different 
fpecific gravities 1 that is, we meafure the preffure 
of the air at one place, in parts of one fcale, and at 
the other place, in parts of another. The error 
is of the fame kind, as if one fhould attempt to de- 
termine the proportion between two parts of a 
building, by meafuring one with a Paris foot-rule, 
and the other with an Engliih foot-rule, without 

attending 
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attending to the difference between Paris feet and 
London feet ; and the fame method muft be taken 
to get rid of the error in both cafes : we muft 
afcertain the difference of the {bales we have applied, 
and make allowance for it : we muft know the 
length of the one in parts of the other ; that is, in 
the particular cafe in queftion, we muft be able to 
determine, from the obferved height of the baro- 
meter, when the quickfilver is of any given tem- 
perature, what its height would have been, at the 
fame place, and at the fame time, if its tempera- 
ture had been any other, that may be afligned. I 
have thought it neceffary to be thus minute, in ex- 
plaining the principles, upon which the corre&ion in 
queftion depends; becaufe it is a point, which is 
likely to be mifunderftood, though in itfelf of no 
great difficulty. M. de luc himfelf hath fallen 
into a miftake, not with refpeft to the quantity of 
the error, but the manner of allowing for it ; which, 
however, is of no other bad confequence, than that 
of lengthening the calculation unneceffarily. He 
imagines that a particular temperature of the 
quickfilver is neceflary, that the error {hould be 
nothing ; and to this he always reduces the obferved 
heights of the quickfilver, in the barometer, -at both 
ftations W. But the refult of the computation 
would, in all cafes, have been the fame, if they 
had been reduced to any other given temperature; 
and therefore, it is always fufficient, to reduce the 
one to the temperature of the other. This little 
oversight I {hould have touched upon with more 

(k) Rccherch. furies Modif. de 1'Atm. §. 369 — 374. 

reluctance, 
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relu&ance, were it not of too little importance to 
derogate, in the leaft degree, from the general 
merit of M. de luc's elaborate and invaluable 
work. 

The quantity of the correction in quefcion, is thus 
determined. At times, when the barometer, in a 
temperate air, ftood at 27 Paris inches, M* de luc 
tried what change, was effe&ed in its height, by 
changes of temperature, induced by art in the 
quickfilver, without any alteration in theftateof th© 
atmofphere* and* by repeated experiments of this 
kind, it was found, that the difference between the 
length of the column of quickfilver, fucceffively 
heated to the temperature of boiling water, and 
cooled to that of melting ice* amounted to half a 
Paris inch exactly; that is, to -JLth of the mean 
height W. But the whole extent of the thermome- 
ter's fcale* from the temperature of melting ice to M * 
de luc's boiling point, being 178 of bird's Fahren- 
heit, the change of the height of the barometer, due 

to i° of bird's Fahrenheit is always — — -t = -r— • 

J 54 x 1/8 9612 

And if « -denote the number of degrees of bird's 
Fahrenheit* in the difference of the temperatures of 
the quickfilver, in the barometers* at different ftations, 

the reduction will be -7— ; that is to fay, the height 

of the warmer column muft be fhortened by this 
part of its own length, or that of the cooler aug- 
mented by the like part* to reduce either* to the 
height it would have flood at, at the time and place 
of obfervation, with the temperature of the other. 

(/) Recherch. fur les Modif* de TAtm. §. 362—364. 

Thefe 
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Thefe determinations of the effeft of heat upon 
the column of quickfilver, in the Torricellian tube, 
fhew the proportional alterations of the denfity of 
that fluid, by given increments, or diminutions, of 
heat For the perpendicular height of a column, 
of any inelaftic fluid, fuftained in the Torricel- 
lian tube, by a given compreffive force, muft, by 
the known laws of hydroftatics, be as the den- 
sities of the fluid inverfely. And as this pro- 
portion muft obtain, whatever be the fize, or 
figure, of the tube, there feems to be no me- 
thod, by which the change of denfity, or the pro- 
portional expanfion of quickfilver by heat, can be 
nieafured with more precifiort. Thefe conciufions, 
therefore, may be of ufe in many phyfical en- 
quiries; and there are many cafes, in which it 
may be neceflary, to reduce the obferved height 
of the barometer, in one temperature, to an- 
other. Thus when that height is to be made 
the meafure of the variable preflure, or of the den- 
fity of the air, in fome particular place, it will be 
neceflary to choofe fome jlandard tempera furfe, to 
which the obferved length of the column may 
always be reduced. And it was this confideration, as 
I have gathered from many converfations with him, 
which gave occafion to M. de luc's miftake* 
He had fettled it with himfelf, at his very firft en- 
trance upon thefe refearches, that the point* he was 
to keep conftantly in view, as the ultimate obje£t 
of his whole purfuit, was to find, in the variable 
length of the mercurial column, a meafure of 
the preflure and denfity of the air. This, he faw, 
was only to be looked for in quickfilver of jfom$ 
5 one 
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one conftant temperature ; and thus he became pc£- 
fefled with a general notion, of the neceflity of 
reducing the observations of the barometer, to fome 
ftandard temperature, upon all occafions. 

But, for the particular purpofe of computing dif- 
ferences of elevation, inftead of attending to the 
corre&ion of the obferved heights of the quick- 
filver at all, it will be a readier way, to make the 
correfponding correction immediately, upon the 
difference of the tabular logarithms. If any quan- 
tity be diminifhed or increafed, in a given propor- 
tion, the logarithm of its proportion to any other 
given quantity (that is, the difference of the. tabular 
logarithms) is diminifhed or increafed by a given 
magnitude ; namely, by the logarithm of the given 
ratio, in which the variable quantity is altered. 
The logarithm of the ratio of x to x -f- ^\ ^ T x\ or of 
9612, to 9613, is 452 M. Therefore, if n> as before, 
exprefs the difference of temperature in degrees of 
bird's Fahrenheit, 7x452 is the correction to be 
applied to the difference of the logarithms of the 
obferved heights of the quickfilver in the barometer. 
This correction is to be fubftradted, if the tempe- 
rature, at the upper ftation, hath been the cooler of 
the two, and to be added, in the contrary cafe. I am 
indebted to the astronomer royal for the firffc 
hint of this elegant method of applying the cor- 
rection in queftion. 

(m) The reader will here recoiled that I fpeak of the 
tabular logarithms in the language of M. de luc. The loga- . 
rithm or* the ratio of 9612 to 9613 is, in the more common 
ftile, 0.0000452. 

The 
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The third of the annexed tables, fhews the quantity 
of this corre&ion correfponding to every value of n 
from i° to 70 . The third column, to the right, exhi- 
bits the value of it in Englifh fathom, in that parti- 
cular temperature of the air, in which the difference 
of the tabular logarithms, of the heights of the quick- 
filver in the barometer, gives the difference of ele- 
vation in iooothsof an Englifh fathom. What that 
temperature is, will be determined in the fequeU 
It is to be obferved, that the value of thefe Correc- 
tions, in the fathom of any other country, will be 
the fame, in that particular temperature, in which 
the tabular fyftem meafures the difference of ele- 
vations in 1 oooths of the fathom of that country. 

The rule, which I have given for applying this 
corre&ion, fuppofes that it is previoufly known, which 
of the two ftations is the higheft ; otherwise it will 
be doubtful, whether it fhould be added or flib- 
tradted. This doubtful cafe may actually happen in 
levelling a considerable tradt of country, that is 
pretty even. The table, however, will ftili give the 
quantity of the correftion. Add that quantity to the 
logarithm of the height of the cooler barometer $ and 
the difference between this logarithm, fo augmented, 
and the logarithm of the height of the other, is the 
difference of the logarithms of the obferved heights, 
duly corre&ed : and the ftation of the cooler ba- 
rometer, was the lower of the two, if its augmented 
logarithm exceeds that of the other: in the con- 
trary cafe, the higher. 

It hath been already obferved, that the change 
of the denlity of quickfilver, by an alteration of its 
heat, muft always be proportional to the increafe 

Vol. LXIV. I i or 
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or con trad&on of the length of the column in the 
barometer; or, in other words, that the alteration, 
in the perpendicular height of the Torricellian co- 
lumn, is proportional to the change of the folid 
content of fpace, occupied by a given quantity .of 
the fluid. Thofe who recoiled: the experiments of 
the celebrated boerhaave, for meafuring this 
change of volume, cannot but be ftruck with the 
great and lingular difagreement between his conclu- 
sions and thofe of M. de luc. boerhaave 
makes the whole expanfion, produced by a change of 
temperature from theo of Fahrenheit, (or the forced 
congelation of fal ammoniac) to the heat of boiling 

water, — - T of the whole volume, which is very 

little more than M. de rue found to be produced 
by a change from 32° of Fahrenheit (or the diflb- 
ltition of natural froft) to the heat of boiling water W. 

(«) Vid. Elementa Chemiae, vol. 1.^,174. In this place, 
the author ex prefsly treats of the cxpanfion of quickfilvcr by 
heat; and the proportion, which he here afligns, hath been 
adopted by the writers of elementary phyfics* But, p. if*), 
having defcribed an artificial cold, in which the thermometer 
had been funk to -40 of Fahrenheit, he fa)js, li Notfimus he 
c< argentr vivi corpus ab Wo gradu^Q infra o, f . ad gradum 600 quo 
<s incipit ebullire contraftum fuljje per partes 640, totius ?nolis 
" 10782." And, in. the explanation of one of 'his copper 
plates^ he defcribes a thermometer in whieh the quickfilver, -in 
the gfeateft natural cold, ju ft filled the bid b, which contained, 
he fays,. 1152,0 fuch parts as the tube contained 96- It feems 
probable, that the number 11124, which is given, p. 174,^3 
the whole volume of the quickfilver in the temperature 0, (a de- 
gree of Fahrenheit being the unit) hath htm deduced from the 
mean of a variety of experiments upon different inftrument.% 
for it differs not greatly from the nxeaa of the two numbers 
3078-2 'and* 1 1540. 

1 Upon 
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Upon this it is to be bbferved, that boerhaave's 
method gave him the expanfion of his quickfilver # 
diminifhed by the whole expanfion nearly of the 
veffel which contained it. de luc's gave him the 
expanfion of his quickfilver, diminished by the Ion- 
gitudinal expanfion of the fcale applied to the ba~ 
rometer, by which the height of the column was 
meafured. The veffel which contained boer- 
haave's quickfilver was glafs. The fcale of de 
luc's barometer was deal. Glafs is confiderably al- 
tered in its dimenfions by heat j deal but very little, 
in the dire&ion of its longitudinal fibres : therefore, 
though M. de luc negledied the expanfion of his 
fcale, the expanfion which he obferved of the quick- 
filver would be nearly the whole; but boerhaave 
mufl have reckoned it much too fmall, neglecting, 
as he fays he did, the expanfion of his glafs W; 
and the difference is no more than what the ex- 
panfion of the glafs will very nearly reconcile* 
boerhaave's expanfion is too fmall, to be in pro- 
portion to M. de luc's, by about ^-J T of the 
whole volume, or fomewhat more than ^4^.. The 
expanfion of glafs, in length, by 1 8o°, is, as I am 
informed, about ^^ of an inch upon a foot, or 
g , it I o -- part 5 therefore, its expanfion in folid content, 
or volume, will be very nearly T ^, by 1 8o° ; and, 
by 212% about T ^. T , or lefs than r £ v . 

(0) Sepoftta ergo vitri interea dllatatitme y &c« Thefe words 
may fcem ambiguous ; but the meaning feems fufficientiy deter- 
mined by what is faid, p. 173. 1. 2—5. 
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SECTION FOURTH. 

Of the equation for the temperature of the air. 

F the temperature of the atmofphere hath been 
any other than is exprefled by -j- *6f of M. de 
luc's fcale, the refult of the calculation, formed 
upon the preceeding rules, requires a further ror- 
reftion. This corre&ion arifes from a variation of 
the length of the fubtangent of the atmojpherieal loga- 
rithmic \ which, as hath been already remarked, is 
foimd to be not conftantly the fame. That this mat- 
ter may be the better underftood, it will be proper 
to ftate, in this. place, what this fubtangent is, in the 
nature of things, and upon what phyfical circum- 
ftances its length depends. 

Imagine then, thatinfteadof the atmofphere, in its 
natural ftate, the earth were furrounded with an ine- 
laftic fluid, of an uniform denfity throughout, equal 
to that of the natural atmofphere, in its loweft parts, 
which are contiguous to the furface of the earth \ ima- 
gine alio, that every atom of this homogenous fluid 
were urged towards the earth's center, with an accelera- 
tive force, equal to that of gravity, at the furface of the 
earth. Now the preflure of the atmofphere upon the 
earth's furface, or on any given part thereof, being, at 
all times, a finite, though not a conftant force, of which 
the phenomena of the Torricellian tube are a fuf- 
ficient proof, it is evident that it might, at any time, 
be equalled by the preflure of a finite quantity of 
this imaginary fluid -, and that, to render the preflure 
of this fictitious atmofpbere, upon the whole, or any 
part of the earth's furface, equal to that of the real 
atmofphere upon the like part, it would be requifite 
to affign to it fome finite thicknefs or depth. Now 

that 
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that particular thicknefs or depth \ of the imaginary 
fluid, which is, at any time, hecejfary to render an 
entire column of it a counterpoife for an entire co- 
lumn of the natural air, is> at that time r the length 
of the fubtangent of the atmofpherical logarithmic* 
In fhort, the fubtangent of the atmofpherical logiftic, 
is the length of a column of fuch a fluid as I have 
fuppofed, which would he fuftained in the Torri- 
cellian tube, by the prefiure of the air, at the level 
of the fea, if we could fuppofe a tube of a fuffi- 
cient length. 

This is demonftrated by Mr. cotes, Harmon* 
Menf. p. 1 8, and by no one elfe, that I know of, 
with equal fimplicity. 

It is a manifeft confeq.uence from this, that the fub- 
tangent muft always be as the 'prefiure of the whole 
cylindrical column (upon a given part of the earth's 
furface) dire&ly, and the denfity of the air, at the 
furface, inverfely; and it may therefore appear to be 
repugnant to the theory already eftabliftved, to fup- 
pofe it iubjedt to variation. For if the prefiure 
be always as the denfity, upon which hypothefis 
the whole theory is founded, that which is 
always as the prefiure dire&ly, and the denfity in- 
versely, can be no other than a conftant quantity* 
But M. de tuc's experiments prove, bevond a 
doubt, that the atmofpherical fubtangent is variable; 
therefore the denfity of the atmofphere, at the fur- 
face of the earth, at different times, is not propor- 
tional to the whole prefiure, at fuch times, re- 
fpe&ively. And in this there is nothing inconfiftent 
with the foregoing theory, rightly underftood. When 
the denfity of the air is faid to be as the com- 
prefling force, this is to be underftood of air in the 
2 fame 
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fame ft ate of elafticity ; that is, in which the abso- 
lute force of elafticity, under all the different de- 
grees of preffure, is conftantly the fame, (The 
abfolute force of elafticity is meafured by the force 
exerted between two particles of given magnitudes 
and figures, at a given diftance.) But there is 
no reafon, from any experiments, to conclude, 
that the denfity of the air will be fimpiy as 
the compreffing force, in different abfolute forces of 
elafticity. On the contrary, fince the proportion 
of the compreffing forces is found to obtain, be- 
tween the denfities, when the abfolute elafticity is 
eonftant ; this alone is a proof, that the like pro- 
portion will not obtain, if the abfolute elafticity be 
changed as well as the compreffive force. 

Imagine two parcels, fimilarly fhaped, A and B, 
of different fluids, the fame in all their other pro- 
perties, and fimilarly, but unequally, elaftic ; that 
is, imagine the integrant particles of A to be equal 
in quantity of matter and bulk, and fimilar in figure, 
to the integrant particles of B, feverally; and if 
each of the integrant particles of A, be itfelf an 
aggregate of leffer integrants, each of the integrant 
particles of B is to be under ftood to be a like aggre- 
gate of equal and fimilar leffer integrants, fimilarly 
compofedj and whatever forces, except that of 
elaftieity, are exerted between the particles of A, 
imagine equal forces, of the fame kinds, exerted 
according to the fame laws, between the particles 
of B. Likewife, imagine the equal and fimilar 
particles to be fimilarly fituated, in their refpe&ive 
maffes. Such fluids are the fame in all refpe&s, 
elafticity excepted. Further, imagine an elaftie 
force to be exerted between every two integrant 

particles 
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particles of A, and to vary, with the diftance, as any 
power or function of the diftance whatever. Ima- 
gine an elaftic force, varying according to the fame 
power or fundfcfcm of the diftance, exerted between 
every two particles of B. Thus the fluids are 
jimilarly elaftic 5 but they are to be fuppofed un- 
equally fo; that is, the force exerted between two 
particles of the one, at any given diftance, is to be 
greater than the force between two particles of the 
other, at the fame diftance. Now, if the law by 
which the elaftic force varies, at different distances, 
in one of thefe fluids, as A, be fueh, that the den- 
sities of A, under different compreflions, are to 
each other, as the compreflive forces $ the denfities 
of B, compared with each other, under different com* 
preflions, will likewife be as the compreflive forces. 
But the proportion of the compreffive forces will 
not fubfift between the denfities of the two differ em 
fluids. The denfities will not be the fame, when 
the compreflive forces upon A and B are equal 5 
nor will they be as* the compreflive forces, when 
thofe forces are unequal. The denfities will be as 
the compreflive forces dire&ly, and the abfolute 
elafticities inverfely ; that is, the compreflive forces 
will be as the denfities and abfolute elafticities jointly, 
which is eafily demonftrated. 

The compreflive fopce upon any fluid, is to be 
cftimated by the quantity of the preflure, afting 
perpendicularly upon a given furface, or plane fee- 
tion of it. Whatever degree of preffure z&s upon 
the mafs of an elaftic fluid, its particles will approach 
or recede, till the diftances of every two adjacent 
particles are fuch, that the whole elaftic force, 
exerted perpendicularly- againft every furface or plane 

fe&ian 
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fedtion of it, is precifely equal to the preflure ading 
perpendicularly upon the fame furface, in an oppo- 
site dire&ion. And in the particular degree of den- 
sity, determined by that diftance of the adjacent 
particles, the fluid will remain, while the fame de- 
gree of preflure is continued. Imagine therefore 
the denfities of the two maffes, A and B, to be the 
fame; then, from the fuppofed fimilarity of the fluids, 
it follows, that the number of particles, exerting their 
elafticities upon any equal and fimiiar feftions of A 
and B, muft be equal 5 and that the diftances of the 
correfponding particles, from each other, in the two 
mafles, muft be the fame : confequently the whole 
elafticities, exerted upon equal and fimiiar fe&ions 
of the two mafles, will be as the abfolute elaftici- 
ties of which they are compofed. Therefore the 
compreflive forces are, in this cafe, as the abfolute 
elafticities. Call the common denfity of the fluids 
D ; the compreflive force upon A, P ; upon B, n ; 
the abfolute elafticities a, b % refpedtively. Let d 
denote fome other denfity of the mafs A, and/> the 
compreflive force correfponding to that 'denfity. 

Now D and d are different denfities of the fame 
fluid A, under different compreflive forces P, p. 
Therefore, p\V — d: D (by hypoth.) 
But P : n = a ; b. (as hath been proved.) 
Therefore, pm^=:dxa :Dxb ; that is, the com- 
preflive forces upon the different fluids A and B, when 
the denfities are unequal, are as the denfities and abfo- 
lute elafticities jointly. Q. E. D. This demon- 
ftration is independent of any more particular hypo- 
thesis, concerning the law of the elafticity, than barely 
that it is the fame in both mafles ; and fuch, in both, 
as to make the denfities of either always proportional 

to 
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to the forces by which it is.compreflcd. But to this 
condition, a particular law of elafticity is requifite $ 
namely, that the force exerted between every two 
adjacent particles diminifh as the diftance between 
them is increafed j and, adppting this law, the com- 
preflive forces might be proved to be in the propor- 
tion affigned, that of the denfities and abfolute eiafti- 
cities jointly, by the fame kind of reafoning as is 
ufed tademonftrate the 23d propoiition of tnefe- 
cond book of the Principia f which is only t4ie moft 
fimple cafe of the more general theorem now pro* 
pofed. 

Hen£e it follows, that if any caufes a&upon the 
atmofphere, to change the degree of its abfolute 
elafticity, provided they a<3: in fudh manner, as to 
changed equally at all heights 5 fo that, though dif- 
ferent at different times, it (hall always, at any ond 
time, be the fame at all different heights ; then, the 
denfities in all different parts of the cylindrical 
column, refting perpendicularly upon a given fmali 
part of the earth's furface, will, at any one time, be 
as the comprefilve forces upon each part refpe&ively. 
But the denfities, in any one part of this column, 
at different times, when the abfolute eiafticities are 
different, will not be as the cpmprefSve forces upon 
that part, at fueh different times refpe<5tively. 
Hence the relation belween the decrement of 
denfity, and the increment of height, reduced 
according to the conftrudion of fe&ion fecontj, will, 
at every time, be reprefented, by the decrement of 
jthe ordinates, and the increment of the afymptote of 
Jbme logarithmic curve. But of different curves, 
at different times, or, in different ftates of the 
abfolute elafticity ; that is, the length of the fub- 

Voir. LX1V. K k tangent 
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tangent of the curve, defcribed in feftion fecond* will 
vary: for the difference of the fubtangents is the 
only thing that conftitutes a real difference in two 
logarithmic curves. If fuch curves have egual fub- 
tangerits, though they have unequal ordinates, they 
are only different parts of the fame curve. 

The fubtangent of the atmofpherical logiftic muft 
always be as the preffure of the whole column of 
the atmofjphere dire&ly, and the dettlity, at the 
earth's fiirface, inverfely ; therefore it is dire&ly as 
the abfolute elaftic force. For call the fubtangent S ; 
the preffure at earth's furface, P $ the denlity, D ; 
the abfolute elafticity, A. 

P 

but g is as A (by what bath now been proved). 

Therefore S is as A. 

Now heat ''W is onecaufe, which is well known to 
influence the abfolute elaftic force. An increaie of 
heat inereafes elafticity $ and elafticity is diminifhed 
by a diminution of heat. Accordingly M. x>e luc's 
experiments (hew, that when the temperature of 
the air is uniform (or the fame at all heights) 
the fubtangent of the atmofpherical curve is in- 
creafed, or diminished, exadtly in proportion to the 
increment or decrement of the uniform tempera- 
ture, as indicated by the mercurial thermome- 
ter. His copclufion, from repeated experiments 
on the mountains near Geneva, is, thaU ifh de- 
note the difference of the tabular logarithms of the 
heights of the quickfiher, at two fiations^ corrected 
for the difference of the temperature of the quick- 

(£} soirhaavje, Elements Chemise, vol* i, p. 456, &c 

fiver* 
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fiker, and n denote the difference of the temperature 
of the air y in degrees of his own fctile, above or 

Beb0 4- i6f, then h t± — - L, is the difference of 

mm * Jk 

elevation in i ooo ths of a Paris toife. The correction 
— -* L, to be added or fubtradled % according as the 

temperature of the air is above or below i6| ; or ac- 
cording as n is a difference intxcefs ordefeglW* 

But in any given value of n, the proportidh o£ 

^~ L to L is given, being that of n to 215. There- 
fore, L -=t *— L is the logarithm of the ratio of 

# ^ 5 
the heights of the barometer, in a fyftem of loga- 
rithms, in which the fubtangent of the curve is to 
fo many ioooths of a Paris toife, as are expreffed 
by the fubtangent of the Briggian fyftem, as 
215 ±:nto 215. And this being the cafe, what- 
ever be the value of L, in every given value of #i 
it is evident, that the variation of the modulus ot 
the atmofpherical fyftem, or of the fubtangcfnt 
of the atmofpherical curve, is always as n, the varia* 
tion of temperature. 

But a uniform temperature is a condition of the 
atmofphere, which rarely obtains, within fmall 
diftances, at leaft, above the earth's furface ; therefore 
the more ufual cafe of unequal temperatures muil 
be confidered. 

When different temperatures obtain, at different 
heights, at the ft me time, they muft render the 
abfolute elafticities, at thofe heights, unequal* 
Thus the hypothefis of M. boxtguer will take place 3 

(g) Rcclierch. fur les Modif, <Je l'Atm. §, 607— &n. 

K k 2 who* 
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who, from a great number of experiments, made 
upon the cordileros, arid at various other heights 
above the level of-thefea, concluded, that the abfo- 
lute elafticity of the air, which he calls, " the in- 
" tenfity of the elaftic force/' muft be different 
-at different elevations. His conjeftures indeed about 
the caufe from whence the difference might arife, are 
not the rnoft natural; and in one point he was evi- 
dently mistaken: namely, that he imagined the ab- 
folute elafticity to be conftant at every given eleva- 
tion; and accordingly he hath traced the curve, 
which, according to his experiments, exhibits the 
laws of its variations from one height to another. 
This, it muft be confefled, was trufting his expe- 
riments too far, which were not made with the rnoft 
accurate inftruments ; and this may have given oc* 
eafionto his learned countryman M. de la lanjde, 
to fuppofe that this curve may rather exhibit the de- 
viations of his experiments from the truth, than any 
thing which really obtains in nature W. His general 
hypothefis, however, of a difference of abfolute 
elafticity, in different parts of the atmofphere, mnjt 
obtain, whenever the temperatures of fuch different 
parts are unequal ; unlefs the effeft of the inequality 
of temperature were to be compenfated by the fyn- 
chronous unequal operations of fome other caufe. 
That it does in fa€t obtain, when the temperature 
is unequal, is proved, beyond a doubt, inftead of 
being refuted, by M. de luc's experiments; and 
this is to be confidered, as a further inftance of their 
exa£t agreement with the genuine conclufions of 
accurate theory. 

(r) Cennoiflance pour l'annee 1765, p. 2115. 

When 
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When the abfolute elafticities are different at 
different heights, the denfities will no longer be 
proportional to the preffures ; and the change of 
denfity, throughout the whole column of the at- 
mofphere, will no longer be reprefented by any one 
logarithmic. But to fmall diftances on one fide or 
the other of different heights, it may ftill be nearly 
reprefented by parts of different logarithmics. Now 
this is really the cafe, according to M. de luc: 
for, when the temperature, at two different heights, 
hath been different, he finds, that the difference of 
thoje heights -will Jiill be expreffed in loooths 
of a Paris toife 9 by the preceeding formula, viz. 

L =fc — L, if n be under flood to denote the dif- 
ference between the conjiant temperature -}- i6|, 
and that which is the mean of the different tempe- 
ratures of the two places of obfervation W $ that is to 
fay, though the temperature of that portion of the 
column of the atmofphere, which is intercepted be- 
tween the level of the two places of obfervation, 
hath not been the fame, perhaps, in any two dif- 
ferent parts j yet the variation of denfity and height 
will be exhibited, through the whole of this fmall 
fpace, without fenfibleerror, by the curve, which would 
have reprefented them ftri£Uy, if the entire column 
had been of theanean temperature of the extremes 
of this portion of it $ namely* by the logarithmic, 
whofe fubtangent is expreffed in ioooths of a Paris 

toife, by B =t — B, B denoting the fubtangent of 

215 

the Briggian fyftem. Imagine, therefore, that the 

barometer and thermometer have been obferved at 

(s) Recherch. fur les Modif, de TAtm. § . 663. 

4 the 
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the fame time, at three different heights. Put the 
difference of the tabular logarithms of the heights of 
the quickfilver, at the lit and 2d elevation L ; at the 
2d and 3d, L". Imagine the thermometer at the ift, 
or loweft height, to have been -|~ i6| j at the 2d, 
16 J + 2 n > at th'e third, i6| — 2 m. 

MM 

Then the diff. between ift and 2d elevation, rr L + — L 

between ad and 3d, =: I/'-f -Z-2 L" 

215 

that is, the variations of height and denlity between 
each two of thefe three places, are nearly exhibited by 
twodiffcrent Iogarithmics,the fubtangentsof which are 

B^ — — B; B A — = — B; therefore, the variations 

of height and denfity, throughout the atmofphere, 
are not reprefented by any one logiftic, when the 
temperature! is unequal (as they would be, if, not- 
withftanding an inequality of temperature, the ab- 
folute elafticities were the fame in all parts) ; but by 
parts of different logiftics, at different heights; as 
they (hould be when the abfolute elafticities are 
different, in different parts, and can only be con- 
sidered as uniform to a fmall diftance, above or 
below any height affigned. 

The mention of M. bouguer occurred fo na- 
turally upon this occafion, that I muft have re- 
proached my (elf with an impiety towards the afhes 
of a man, whofe memory will ever be dear to fcience, 
had I not attempted to vindicate his conjectures 
upon the point under immediate confideration, from 
an animadverfion thrown out, in very general terms, 
with little tendernefs, and only juft in part. At 

the 
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the feme time, I have pointed out, in what hb 
principal miftake qonfifts 5 which was, as M. djexuc 
well obferves, that, inftead of feeking a rule which 
fiiould be general for all heights, and vary at every 
height, in proportion to the temperature, hcfet hinj- 
felf to find one which fhould be general for all tem- 
peratures, at a particular elevation. The confequence 
likewife, ^hich he would have deduced from the 
unequal elafticity of the particles of the air, that 
the leaft elaftic would be driven to the bottqnv was 
undoubtedly erroneous, The excefs of temperature 
may fail fometimes in the lower parts of the at-* 
mofphere, and fometimes at greater heights $ and 
where the greater temperature is, there, f&t&ris 
paribus , the elafticity will be greater. The argu- 
ment, which M. j>b luc directs again ft the exiftence 
of fenfible inequalities of elaftic force in aggregate 
mafles of the atmofphere, derived from the fup- 
pofed efte<fl of the winds, throughout all the re* 
gions expofed to their agitations W, militates only 
againft the probability of permanent inequalities in 
given places, arifing from fuppofed fpecific differences 
in the original conftitution of the particles of the 
air ; not againft fuch temporary inequalities, afc we 
afcribe to the occasional energy of extraneous caufes., 
An inequality of temperature undoubtedly exifts,. 
in aggregate maffes, more frequently than the op- 
pofite/ And from an inequality of tempera tiire^ 
whether in the aggregate or the difcrete* necefla- 
rily follows, for the time* an analogous inequality 
of abfolute elaftic force. 

(*} Recherch. fur ksMpdif^c rAtm*§„ 3218* 

Having 
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Having now fufliciently explained, what the cor- 
rection is, for a variation of the temperature of 
the air, and whence it arifes, I proceed to reduce 
M. de hue's formula to bird's Fahrenheit, and a 
fcale of English fathom. 



SECTION FIFTH, 

M. de lvc's rules reduced to English scales. 

THE whole of this redu£ion I divide into 
three problems. 



PROBLEM FIRST. 

To find the length of the fubtangent of the at- 
mospherical curve % in thoufandths of a Paris toife, the 
mean temperature of the air being given in degrees of 
bird's Fahrenheit. 

BY the comparison of M. de luc's fcale with 
BtRD's Fahrenheit, it appears, that -f- i6| 
of the former correfponds to + 69,25 of the lat- 
ter. Hence 69,25 is the temperature in bird's 
Fahrenheit, in which, the fubtangent, of the at- 
mofphericai curve, is equal to fo many ioooths 
of a Paris toife, as are exprefled by B, the fub- 
tangent of the Briggian fyftem. But the atmo- 
ipherical fubtangent is increafed or diminished by 

— - of this quantity for every degree of M. de luc's 

fcale 
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fcale, above or below this given temperature; and a de- 
gree of M. de luc's fcale is to a degree of bird's Fah- 
renheit as 1 78 to 80. Therefore, the fubtangent varies 
by TT 8 Tt of the fame quantity, for every degree of 
bird's Fahrenheit, above or below the given tempera- 
ture. Hence, if n denote the difference of the tem- 
perature of the air, or, in the cafe of unequal tem- 
peratures, the difference of the mean of the tem- 
peratures of the two ftations, above or below 69,25 

in degrees of bird's Fahrenheit; then, B±: -5— B 

is the length of the fubtangent in ioooths of a 
Paris toife : that is, the fubtangent of the atmofphe- 
rical curve, in the temperature 69,25 d= ;;, is to fo 
many ioooths of a Paris toife, as are exprefled by 
the modulus of the Briggian fyftem, as 3827 ± 57x8 
to 3827, 

PROBLEM SECOND. 

To determine the temperature, in which the length 
of the fubtangent of the atmofpherical curve is ex- 
prefjed in ihoufandths of an Engliih fathom, by the 
fubtangent of the Briggian fyftem. 

F^ROM the number 69,25 fubtradt the 8th part 
of the number, to which 3827 bears the pro- 
portion of 1 0000 to 617; that is, from 69,25 fub- 
traft 29,51 ; the remainder 39,74 exprefles the re- 
quired temperature, in degrees of bird's Fahrenheit, 
For, let S, £ reprefent the fubtangents of the 
atmofpherical curves in the temperatures 69,25 and 
69,25 — 29, 5 r, refpe&ively. 

Vol. LXIV. L 1 Then 
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Then S:Sr 3827 : 3827 — 29*51 x 8 (by prob. 1.) 
But 3827 : 3827-— 29,51 x 8 == 10000 : 10000 — 617 = 10000 : 9383* 

Therefore, S : 2= 10000 : 9383; that is, as one Paris 
j toife to one English fathom. Therefore, 
whatever multiple S is of the Paris toife, or 
any part thereof, the fame multiple is 2 of 
the Englifh fathom, or its like part. And the 
length of S is exprefled in loooths of a Paris 

S 2 toife, by the number which is the modulus of 
the Briggian fyftem (by prob. 1.); therefore, 

the length of 2 is expreffed by the fame number, 

in loooths of an Englifh fathom. 

PROBLEM THIRD. 

To find the equation for every degree ^bird's Fab- 
renheit in the mean temperature of the air> above or 
Mow 39,74- 

CALL the variation of the length of the fub- 
tangent, correfponding to an increment or de- 
crement of one degree of bird's Fahrenheit, V; and 
let S, 2, as before, reprefent the fubtangents cor- 
refponding to the temperatures 69,25 and 39,74. 
Now V : S = 8 : 3827 (by prob. 1.) 

And S:£=(3827: 3827— 29,51x8^)3827:3591 very nearly (by prob, 1.) 

Therefore, V : 2 = 8 : 3591. 
that is, V = — 2. (= ^ 2 nearly). 

Hence the length of the fubtangent of the atmo- 
spherical curve, in any temperature, 39,74 ± n is 
to its length in the temperature 39,74 as 3591 d= 8x* 
to 3591 1 that is, putting B for the fubtangent of 

5 the 
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n x. 8 

the Briggian curve, B =t -— B is the length of the 

fubtangent of the atmoijpherical curve, in ioooths 
of an Englifh fathom. And putting L for the 
difference of the tabular logarithms of the obferved 
heights of the barometer, at two ftations, cor- 
rected by the equation for the temperature of the 
quickfilver, and n for the mean difference of the 
temperatures of the air, in degrees of bird's Fah- 
renheit, above or below 39,74, the difference of 
the elevation of the two ftations, is expreffed in 

ft x 8 

ioooths of an Englifh fathom by L =fc L. 

r S591 

Upon thefe principles I have made a table, by 

H X 8 

which the equation — L may be computed for any 

temperature not above -f- 80, nor below oof bird's 
Fahrenheit, and for any height lefs than 10000 
fathom. 

It hath already been remarked, that the tempe- 
rature of the quickfilver, in the portable barometer, 
may happen to be very different from that of the 
air, at the place and time of obfervation. For this 
reafon, M. de luc advifes, that every portable 
barometer fhould be furnUhed with two thermome- 
ters > one fixed to the frame of the barometer, to 
indicate the temperature of the quickfilver -, another, 
to be expofed, at the time of obfervation, to the 
open air. The ufe of the annexed tables might be 
anfwered by a particular divifion of the fcales of 
thefe thermometers. The thermometers which ac- 
company the two barometers, made for the fociety, 
by Mr. edward nairne, under my directions, 

L 1 2 are 
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are bird's Fahrenheits ; but, to the fixed thermo- 
meter, I have had a particular fcale applied, in 
which the fundamental interval, hetween melting ice 
and bird's boiling point, is divided into 8 1 equal 
parts. The equation for the temperature of the quick- 
filver is one fathom for every degree, of this fcale, in 
the difference of temperatures. The thermometers, 
for the temperature of the air, have each a fcale, in 
which the fundamental interval between melting 
ice and bird's boiling point, is divided into 120 
equal parts. The point of o is placed at the 5th 
of thefe divifions above melting ice. If n be the 
mean height of the thermometer, in degrees of 
this fcale, at the two flations, the equation for the 

temperature of the air is — L. + or — 1 according 

as n is pofitive or negative. 

The place of the point of o upon the former 
fcale is indifferent. It was put very low* that the 
temperatures of the quickfilver, at both flations, 
might always be above it. The computation, how- 
ever, is rendered eafier by the tables now given, 
than it can be by any fuch peculiar divifions of the 
fcale. 

It is to be particularly obferved, that M. de luc 
always expofed the thermometer, by which he mea- 
fured the temperature of the air, to the fun, if it hap- 
pened to fhine ; but then the ball of his thermometer 
was always quite detached from the frame, which is a 
neceffary precaution in this manner of ufing it. If 
the temperature of the air were meafured by a ther- 
mometer, expofed in the fhade, I cannot but think 
the quantity of the equation would be different. 

His 
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His reafon for not (hading his thermometer from 
the fun, was this: when one fide of the ther- 
mometer is expofed to the fun's rays, the other 
is in its own (hade; therefore, in this fituation, 
he thought it the juft meafure of the mean tempe- 
rature of the air, which is neither the temperature of 
that part on which the fun's rays fall, nor of that 
from which they are intercepted, but lefs than the 
one, and greater than the other, or a mean between 
the twoW. I confefs, I fhould have expected at* 
irregularity, from heat excited by the rays of light, 
in their pafTage from the air into the glafs, and 
from the glais into the quickfilver; and fhould 
therefore have expofed my thermometer in the 
fhade s but the fuccefs of M. de luc's experiments 
feems fufficiently to juftify the method he hath 
taken. 

I fhali elofe this fedtion with a brief folution of 
two phyfical problems* for which this feems the 
proper place- 



problem: fourth. 

¥0 compare the denjities of the air, at any given 
elevation above the jurjace oj the earth, in different 
temperatures. 

IF the barometer hath been obferved, at any 
given elevation above the earth's furface, in differ- 
ent temperatures, reduce the obferved heights of 

(«). Recherch, fur les Modify de TAtm. §. 533 — 536. 

the 



1 362 ] 

the -qgiekfiiver to a common temperature, if the 
temperatures of the quickfilver, as well as the air, 
have been different, at the different times of ob- 
fervation. Find the fubtangent for each tempera* 
ture of the air (by problem 3d) 5 divide the cor- 
rected heights of the quickfilver by the fubtangents 
correfponding to the obferved temperatures of the 
air. The quotients are as the denfities in thefe 
temperatures refpe&ively $ that is, calling the heights 
of the mercury reduced, P, n 5 the temperatures, 

T, & - y the fubtangents, S, £ •> and the denfities, 

P n 
D, A, D : A r-z ? : -. For the denfities are as the 

compreffive forces directly, and the abfolute elafti- 
cities inverfely (by feftion 4th) ; and the abfolute 
elafticities are as the fubtangents (by fedion 4th) ; 
whence the truth of the rule is manifeft. 

The mod convenient method, however, for pradice 
will be, to make the denfity of the air, in fome given 
ftate of the barometer and thermometer, a ftandard, 
with which to compare the denfities in all other ftates 
of thefe inftruments. Suppofe, for inftance, at the 
level of the fea, 30 inches be taken for the ftandard 
height of the barometer, and -{- 40 for that of 
the thermometer. Let D be the denfity of the 
air, at the level of the fea, when the barometer 
is 30 inches, and the thermometer -]- 40. Put 
P = 30 inches, and S ■= the fubtangent of the lo- 
giftic correfponding to the temperature -jr 40. Now 
in another temperature 40 + n, let the fubtan- 

gent be S ~f- ~ S. And let the height of the baro- 
meter P be changed into P -4- - P$ and let A be 

the 
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the denfity at the level of the fea, in the tempera- 
ture 40 + », and height of the barometer, P -f- * P. 
Then the difference between A and D, 6r A — D, 
will be D X m *~ t [ * Where obferve, that b is 

rA m 4- o 

pofitive or negative, according as n is pofitive or 
negative. 

By this problem, the denfities of the air at a given 
height, in different temperatures, are to be compared 
with each other. Even good writers have hitherto 
been generally run away with by a notion, that the 
ait's denfity, at a given elevation, at different times, 
would be always truly meafured by the length of 
the mercurial column; than which nothing can be 
more erroneous, as hath been at large explained 
in the 4th fe&ion. 



PROBLEM FIFTH. 



The height of the quickfilver in the Torricellian 
iube, and the temperature of the air being given, at 
a given elevation, above the level of the Jea, to com- 
pare the denfity of the air with that of the quick/ilver ', 
at the time and place of obfervation. 

LET TA reprefent the femi-diamefer of the 
earth ; T being the center, and A at the furface. 
Let B be a place at a given height, AB, above the 
furface. Let CD be the obierved length of the 
quickfilver in the Torricellian tube, at the place B, 
in a given temperature of the air. It is required to 

find 



BDF 
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find the proportion between the 

GN denfity of the air, and that of 

I the quickfilver, the obferved tern* 

C perature being fuppofed to obtain 

^-j L uniformly throughout the whole 

atmofphere ; or at leaft, through- 
out a great portion of it, on all 
K fides of B. 

Suppofe it done ; and that the 
denfity of the air, at the time 

P and place of obfervation, is to 

Q the denfity of the quickfilver 

R » in the barometer, as the right 

S line CD to EF. Now the 

I temperature of the air being gi- 

T ven, the fubtangent of the lo- 

giftic correfponding to the gi- 
ven temperature is given (by prob. 3d). Let GH be 
equal to that fubtangent j and let KL be the perpen- 
dicular height of the mercurial column fupported 
in the barometer at A, the earth's furface, at the 
time of obfervation at B. Now fince EF is to CD 
as the denfity of quickfilver, in the barometer, to 
the denfity of the air at B, and CD is the per- 
pendicular height of the column of quickfilver 
fuftained in the Torricellian tube at the place B, at 
the time of obfervation, it is evident, thatEF is the 
perpendicular height of a column of an inelaftic 
fluid, of the fame denfity with the air at B, which, 
if it were urged with an accelerative force through 
its whole length every where equal to that of gra- 
vity at B, would, by its compreflive force, fuftain the 
mercurial column CD : for the accelerative forces 

fuppofed 
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fkppofed to aft upon the fluids in the columns EF, 
CD, being equal, and the heights of the columns 
being, reciprocally, as the denfities of the fluids, the 
compreffive forces of the columns will be equal. 
Bqt G$i is the perpendicular height of a column of 
$n iaekftic fluid, of the fame denfity with the air at A, 
the level of the fea, which, if the whole were 
urged with an accelerative force equal to that of 
gravity at A, would fuftain the mercurial column 
KI* (by fed;* 4). Soppoie MN equal to the per- 
pendicular height .of a column of an inelaftic fluid, of 
the fame deniity with the air at B, which, if the 
whole were urged with an accelerative force, every 
where equal to that of gravity at A, would fuftain 
the mercurial column CD. It is evident that EF is 
toMN as the accelerative force of gravity at A to the 
accelerative force of gravity at B; for EF and 
MN are columns of fluids, of the fame denfity, 
exerting equal compreffive forces. Therefore, 
the heights of the columns muft be reciprocally 
as the accelerative forces by which the compreffive 
force is produced. But gravity at A is to gravity at B 
as the fquare of TB to the fquare of T A. There-* 
fore, EF : MN = TB* : T A\ Again, G H and 
MN are columns of fluids of different denfities, 
adled upon by equal accelerative forces ; therefore, 
the compreffive forces which they exert, that is, 
which they fuftain, will be as their heights and the 
denfities of the fluids jointly ; that is, if P, C£ be as 
the compreffive forces of thofe fluids, and R, S as 
their denfities, then P:Q = GHxR;MNxS. 
But the compreffive forces fuftained by thefe co- 
lumns are the preflures of the air at A and B 5 alfo 
Vol. LX1V. M m the 
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thfc denfities pf the fluids aire the denfities of the air 
3$ A andB* Therefore the compreffive forces are as 
the densities ; that- is, P : Q =*r R : S. Therefore 
GBxR:MNxS^R:S. Therefore GH and 
KIN sre^aaL- Therefore EF : GH =* EF : MN$ 
Iwt ithath been fhewn, that EF : MN=TB? : TA*. 
Therefore EF t&B =»T W : T A*. But AB being; 
given, TB-is given,* and the proportion of the 
^are of TB to the fquareof TA is given.- There* 
fore the proportion of EF to GH is given* And 
GH, is given m hath bitea fhewa* - Tnerefore EF 
is giv^n, and the proportion of the given liae EF to 
the given line CD, or of the denfity of the qukkv 
fil ver to the denfity of the m> at B r k given* Q^ E. I* 



COMPOSITION. 



Find tlte fehiangent GHt comp^Wnt to tha given 
temperature; find a line, EF, to which that fub- 
tangeot flbalifebaa? the depMcat^ proportion of TA 
to TBi that is, of thfe* earth's femi-diameter to the 
earthTs femi^iani^er increafed by the given eleva- 
tion of the place of obfervaition^^abbvet^e<kvel of 
the feiu As that line EF to the obferved height o# 
the qaickfilver* fa is the dsnfity of the qpicklilver, 
in the barometer adiaally employed, to that of the 
m y at the time and place of obfervation. 

Thus the %ecifie gravity o^ak m*f be-fot^, com*- 
paring it with quictfcfilver, and by nieans^of quick- 
filler with otlicr fluids; TJrough; it is only the« moft 
Ample cafe of this problem that can ever come m® 
pr&Eti&y I chofe to difcufe it in its ttjoft general ex- 
tent t 



tent ; as this is the only one method which ghfes 
entire fatisfa&ion to the mind. 



SECTION SIXTH. 

I HAVE now gone through the exposition and 
redo&ibtt of M v de itrc's rules, for meaftmng 
heights by the barometer. The confcnance of them 
with theory appears* upon a ftrid examination, to 
be fech, as ftrongly confirms the principles* upon 
which the theory is founded . I fliall conclude tnefe 
difquifitions, with pointing out forne further obje&s 
of enquiry, concerning the modifications of the at- 
mofphere, naturally arifing out of M. 3de Luc's 
difcoveries, in conjun&ion with the theory already 
eftabliftied, 

i. It is probable, that the abfokte elajlicity of 
the air may be affeMed by various taujes befides 
heat. The degree of humidity muft occur to every 
one, as a circumftance* which may fleafcnably bfe 
fufpe&ed to have feme influence upon it $ and* per* 
haps, the {late and quantity of the eledtricity of the 
air may have more. 

2. If M. be lvc's formate are to be admitted 
as univerfaHy true, in all imaginable temperatures, 
there is a given temperature in which the eta ft id ty 
of the air would be defiroyed $ and > in any lower tern* 
perature> it would be negative} thai is* the re* 
pulfion would be changed into attraction. This 
given temperature is, «~* 409*1 3 of Bird's Fah* 

renheitj lot if B -f* tt\ B, be the length of the 

M m 2 fubungent 
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fubtangent of the atmofpherical curve, in ioooths of 
an Englifh fathom, whatever be the value of n y then, 

when n = — 448,875, B -B = o 5 that is, the 

Cr *^ 7 

fubtangent vanifhes ; and the abfblute elaftic force, 
which is always as the fubtangent (by §. 4,) muft 
vanifh with it j but when nz=z — 448,875 the tem- 
perature is — 469, 13. 

Perhaps it may be thought more probable, that 
the variation of the fubtangent, or of the elaftic 
force, is not precifely as the variation of tempera- 
ture. If the fubtangent changes in a geometrical 
proportion while the temperature, as fhewn by the 
thermometer, changes arithmetically, the fubtan- 
gent, or the abfolute elaftic force, will not vanifh 
with any aflignable decrement of temperature 5 and 
in that temperature, in which it fhould vanifh, ac- 
cords to M. de luc 1 s for mula^ it will ftill remain 
more than -^ths of what it is in the temperature 
•f" 39,74 ; and yet the equation, for an increment 
or decrement of temperature, amounting to 40 , 
will not differ; from M. de luc's by more than four 
fathom in the height of 1000. I muft repeat, that 
I am now only pointing out the conclufions of 
theory, as hints of further enquiry. I do not mean 
to fubftitute this hypothefis as more accurate than 
M. de Lucis in practice ; I do not affirm, that it is 
more true in theory. I mean only to fuggeft, that 
if M. de luc's formula are admitted as mathe- 
matically true, a Qonfequence will follow, which 
may feem to fome unlikely to ohtain in nature, 
That however this confequence^ if other wife im- 
probable (which is not the opinion to which, for 

my 
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my own part, I incline) is not to be too haftily 
adopted, upon the bare evidence of its arifing out 
of M. de luc's fofmidce 5 becaufe the general ex- 
tent of thefe jormidte is more than experiment hath 
hitherto proved. And I fliew, by a very fimple 
inftance, that it is eafy to imagine other laws, be- 
tween the temperature and the elafticity, which, 
to all pradlical purpofes, would be the fame as 
M. de luc's, within the utmoft limits of his ex- 
periments, and even beyond them, and yet differ 
from it in remote confequences. 

If M. de lvc's formula be univerfally and ftriftly 
true, the confequence I have pointed out muft be ad- 
mitted; and it will follow, that the force of elafticity 
owes its firft production and origin to temperature : or, 
at leaft, that the relation between heat and elafticity, 
if not the moft intimate one of caufe and effect, is that 
which ftands the next in the fcale of natural affi- 
nities, namely, that they are inseparable effects of 
fome common caufe. And thefe conclufions will 
hold, if the form of the general expreffion be true, 

n x 8 

though the quantity of the equation - — - B fliould 

require a corre<9:ion : for a change of the fraction 
^^r will only alter the particular temperature, in 
which the fubtangent and elafticity vanifh. 

3. The diminution of the airs denjity^ as we 
aff end from the Jiirface y is fubjeSi to a limit. This 
limit is different, in different heights of the baro- 
meter, at the level of the lea, and even in a 
given height of the barometer, in various tempe- 
ratures. But the denfity even at an infinite height is 
never o, or infinitely fmall. In fig. 1. through 

C draw 
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C draw CF, parallel to AD, meeting the atmofphe- 
rical curve in F. CF is the denfity of the atmo* 
fphere, at an infinite height (by p. 23 1). The pro* 
portion of CF to the denfity at the level of thefeais 
given in any uniform given temperature of the air* 
For the uniform temperature being given, thefubtan- 
gent of the curve DF is given ; and confequently, 
the proportion is given* of which the given line 
CA is the logarithm. The diminution of com- 
preffive force is fubjedl to a correfponding limit. 

This curious circumftance hath been remarked 
by no one, that I know of, but Dr. brooks 
tAylor, whofe writings are too little attended 
tQ, even among mathematicians, from an opinion 
which prevails oV their obfeurity. That coniinnmate 
geometer feems indeed to have thought it im- 
probable, that a finite denfity of the atmofphere, at 
infinite diftances, though the necefiary confluence of 
the theory, fliould a&ually exift ; and, for this reafon, 
he would imagine fuch a law of the elaftic force, as 
fhould render the denfity of the atmofphere, beyond a 
certain height, much greater than in proportion to the 
comprefiive force* and circumfcribe the whole within 
narrow limits W. And if the theory inferred a great 
denfity at infinite or even at great heights, fuch a den- 
fity as would fenfibly difturb the motions of the pla- 
nets, it would be neceflary to have recourfe to fome 
fuch hypothefis ; but, as this is n6t the cafe, I fee no 
fuch neceflity. I know not, for what reafon, mathe- 
maticians have been afraid to admit the infinitude of 
the atmofphere of the earth; whether they thought 
it would bear hard upon the Newtonian d&ftnne 

(w) Method, Increment prop. 2,6. Scholium* 
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of a void ; oT, that it implied the infinitude of 
matter. But neither the one nor the other of thefe 
confequences is to be apprehended : for neither the 
phenomena of nature, nor the principles! of the New- 
tonian philofophy* require, that there fhould be any 
where a great chafm in the univerfe; or that the 
whole material world (hould be actually circucnfcribed 
within any finiteipace. A large proportioa oipgre, or 
interfperfed vacuity, is fufficient tor all purpofes. Nor 
doth an abfolute infinity of matter by any means follow 
&om the hypothefis of an infinite numfar of finite 
ixtaffes; and an infinite number of finite maflesisati 
that is implied in the notion of a rare elaftic fluid, 
difFufed throughout infinite /pace. I agree, indeed* 
with Mr* cote^ that there are no data from which 
any great altitudes of the atmofphere can indubitably 
be conclude^ in the way of experiment: but 1 do con- 
tend, that there are no data % from which the fuppofi* 
tion of its infinite height can, in the fame way, be 
difproved* And this may juftly be held more pro- 
bable than the contrary, as being the confequence of 
a theory whk?h hath never yet, in any mftance, 
proved fallacious j and this I venture to aflert, with 
th& lefs hefitation, -as* befides the evident reafon of 
the thing* the great authority of newton is on my 
fide.- The infinite extent of the earth's atmofphere 
is manifestly fupppfed, in that fubtje diiqdifition co©* 
ceming the tails of comets, which occurs inth£ 
pofthumous work De Syfiiwate Mun&< Jn&ead of 
framing hypothefes, therefore, to nemove [imaginary 
difficulties, I fhall purfue the the^cy asfarias it^witl 
lead; and my next ftep fliall be, to exhibit the 
iucceflive rarefaftions of the atmofphere > as we 
akcnd from the earth, in a table* 

Heights 
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I Heights 
in miles 



o,coo 
0,01 

0,02 

0,03 

0,04 
0,05 
0,06 

0,07 

0,08 
0,09 
0,10 

0,11 
0,12 

O, 2.0 

0,30 
0,40 

0,5:0 
0,60 
0,70 
0,80 
0,90 
0,98 

0,9*36 + 
1,00 



Volume. 



00,0 
40,0 

80,8 

122,6 

165,0 

2o8,j; 
252,1 
298,2 

34-hS 
3?*>9 
44°>3 
4*9>7 
£4°>6 
990,6 

1698,1 

2641,7 

Scmidiameter. 
1,00 

1,50 

2^ 

4,00 

9»oo 
49,00 
62,00 
Infinite. 



3069 « 

3^691 , 
3069I 



3069I 



3OO9I 




3069!' 



3Q^>9J 
5069I 



3069! 



3069I 
3069^ 



IX 



X* 



io 



3069I 



30 
40 



50 



This table fhews the 
rarefa&ioris of the atmo- 
fphere at different heights, 
above the furface of the 
earth, upon a fuppofiti- 
on, that the temperature, 
throughout the whole, is 
that which is indicated by 
-f- 4.0 of bird's Fahren- 
heit. The middle column 
fhews the heights above the 
furface, correipbnding (ac- 
cording to the contrac- 
tion of the atmospherical 
logarithmic, §. 2) to the 
decimal parts of the earth's 
femi-diameter exprefled by 
the numbers in the firft 
column $ and in the third 
the correfponding rarefac- 
tions, or the proportions of 
the fpaces which a given 
quantity of air would occu- 
py at the different heights, 
are exprefled by the powers 
of the number 3069. 
The principle and method of the conftru&ion of 
this table is obvious. I compute the length of the 
mean femi-diameter of the earth in thbufandths oT 
an Englifh fathoms. I divide that number by 104, 
The quotient is the tabular logarithm of the* 100th 
root of a number, which is to unity,, as the denfity 
at the furface to the denfity at an infinite height, it? 

the 



3065 
3069I 

— t Go 

306^ 

70 



3OO9I 



80 



3069 I 
3P69| 90 

3o69l 9i 



3069 
3069' 



98,36+ 
100 
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the temperature fuppofed; or, which is the fame 
thing, as the fpace occupied by a given quantity of 
air, at an infinite height, to the fpace occupied 
by the fame quantity/ at the furface. This root 
I call the radical number. Then, imagining the 
earth's femi-diameter, divided into ioo equal parts, 
and numbering thofe parts i, 2, 3, &c 3 down- 
wards, towards the center, I compute the heights, 
above the furface, correfponding to thofe parts 
fucceffively, according to the conftru&ion of the 
atmofpherical logarithmic, §. z j and,, writing the 
refulting numbers in the fecond column, in the third, 
I write the powers of the radical number, increafing 
by unit, in regular fucceffion downwards. 

The proportion in which the atmofphere will be 
rarefied, at given heights above the furface, will be 
very different, in different temperatures. It may 
always be exhibited by a table of this form, but 
every different temperature will have its own radical 
number. The radical number, in the temperature 
-1-40, is 3069; and, for any other given tem- 
perature, may be thus found. Call the tabular loga- 
rithm of 3069,^^ and let n be the number of 
degrees of bird's Fahrenheit, in the difference 
between the given temperature, for which the ra- 
dical number is to be found, and 4- 40, Then 

y -4- Jl y w in be the tabular logarithm of the 

y 449 -F n' ° 

radical number, for the temperature affigned : ob- 

ferving, that n is to be pofitive pr negative in the 

ft 
denominator-of the coefficient : ■ ■ , according as 

A4-Q «£• M 
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the given temperature is greater or Iefe than -}- 40 ; 
and that the term — — y is negative when n in the 

449 rt: n J ** 

denominator of its coefficient is pofitive, and vie* 
verfa. Thus the radical number, for the tempera- 
ture o, is 6731,2 -{-• 

This table is not intended for any pra&ical pur- 
pofes ; but merely for fpeculative amufement. They, 
who take delight in the contemplation of final 
caufes, will remark, with admiration, how large a 
part of the whole rarefaction of the atmofphere is 
performed on this fide of the moon* Indeed there is 
comparatively but a very fmall part performed be- 
yond it: fo that the moon revolves at a diftance 
where the refiftance, from the earth's atmofphere, 
is reduced almoft to its minimum* For if we ima- 
gine a feries of quantities, confifting of 101 terms, 
decreafing from the firft continually in geometrical 
proportion > and fuch, that the firft and greateft 
ftiall be to the laft and leaft, as the denfity of the 
atmofphere, at the earth's furface, to the denfity at 
an infinite diftance; the denfity, at the mean 
diftance of the moon, will be lefs than the 99th of 
thefe, or the leaft but two. 

4. An increafe of temperature rarefies the lower 
regions of the atmofphere^ more in proportion than 
the upper 9 and brings the confiitution of the whole 
nearer to that of an uniform denfty. Though the 
effeft of heat alone, upon every orb of the atmo- 
fphere feparately, is to rarefy each, perhaps, propor- 
tionally, yet its operation upon the different orbs 
is fb modified, by the different degres of preffurc 

they 
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tliey fuftain, and by the communication between 

them, that the greater the temperature of the 
atmofphere, though uniform throughout, the lefs 
wiil the proportion be of the denfity at any 
given height to the denfity at any greater given 
Light. #or & greater ,h JernperaLf, thegri.« 
the fubtangent ; and the greater the fubtangent, the 
lefs the proportion of AD to CF, of which the 
given line AC is the logarithm. (Fid. fig. 1.) 

5. If at any height above the fur face of the earth 
a given alteration of temperature dimintfh the air's 
denfity in the fame proportion, as it increafes the abfolute 
elajlicity y or vice verfa, the preffure of the juperin* 
cumbent atmofphere, at that height, will remain 
unchanged. At all lower heights^ the preffure will 
be lefs, than in a cooler condition of the atmofphere* 
and greater at all greater heights. On the contrary, 
the preffure at all lower heights will be greater than 
in a warmer condition, and at all greater heights lefs. 
For let CA (fig* 2.)reprefentthefemi-diartieterofthe 
earth, the curve DEF the atmofpherical logarithmic 
for a certain temperature, and GHK the loga- 
rithmic for another greater temperature* Let the 
ordinates of the two curves AD, AG be as the denfi- 
ties, at the earth's furface, in the different tempera- 
tures, to which the curves belong, refpe&ively. Then 
it is evident, the ordinates jGE, jSH, drawn through 
any other point j3 in the afymptote, will be as the 
denfities, at the height to which Aj3 correfponds, in 
the different temperatures, refpeftively. Now, fup- 
pofe that the denfity of the air, at the height B, 
in the greater temperature, is lefs than the denfity at 

N n % the 
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the fame height in the cooler temperature, in the fame 
proportion, as the abfolute elafticity in the greater 
temperature exceeds the abfolute elafticity in the lefs. 
Then I fay firft, that the preffure of the fuperincum- 
bent atmofphere at B, is the fame in both tempera- 

C A* 

tures. For take C/3 ■= -tttt, and draw the ordinate 

/3E, cutting the curves in E and H, and through E 
and H draw tangents to the curves, EL, HM, meeting 
the common afymptote, AC, in L and M. Now the 
/ubtangents /3L, jQM, are as the abfolute elafticities in 
the different temperatures (by p. 250.). And$E, jSH 
are as the denfities at B (by conftru&ion). Therefore 
j8H : /3E = /3L : /3M. Therefore /3H x j8M 
= /3E x/3L. But the reftangle 0E x/3L is equal 
to the area intercepted by the ordinate /3E, the curve 
EF, and the afymtote /3C, infinitely produced. 
And the re&angle /3Mx/3H is equal to the area 
intercepted by the ordinate /3H, the curve HK, 
and the afymptote /3C infinitely produced. There- 
fore thefe areas are equal. And thefe areas are as 
the preffures of all the atmofphere above B, in the 
temperatures to which the curves belong,; reflec- 
tively. Therefore the preffures in thefe different 
temperatures are equal, ^ E. D. I fay further, 
that the preffure of the fuperincumbent atmofphere, 
at any height below B, is lefs in the greater tempe- 
rature than in the cooler. Let AP be any height 

CA* 

lefs than B, and take Cp — ^jp-, and draw the or- 
dinate ^N, cutting the curves in the points N and O. 
Now/Nj jGE being as the deniities at 1? and B, in. 

5 the 
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the cooler condition of the air, and^O, jGH as the, 
denfities at the fame heights P and B, in the in* 
creafed temperature, pO is lefs than to bear to /3H, 
the proportion of pN to /3'E (by 4th of this) : 
and, by permutation, pO h lefs than to bear to^>N 
the proportion of /3H to jGE, or of /3L to /3M. 
Therefore ^OxjGM is lefs than/Nx/QLj that is, 
the area intercepted between the ordinate pO, the 
curve OHK, and the afymptote pC infinitely pro- 
duced, is lefs than the area intercepted by the ordi- 
nate pN, the curve NEF, and the afymptote pC 
infinitely produced. But again, thefe areas are 
as the preiTures of all the atmofphere above P, in 
the temperatures to which, the curves refpe£tively 
belong 1 therefore, the preffures in the greater tern- 
perature, to which the curve OHK belongs, is iefs 
than the prefifure in the cooler temperature, to which 
NEF belongs. ^. JE..D. In like manner it may 
be fhewn, that the prefliires in the warmer tempe- 
rature, at all heights above B, are greater than ia 
the cooler. 

And thus theory might have brought us to ex- 
pert a phenomenon, which M. Dfe luc hath adualiy 
obferved, and was not a little furprifed at. For if 
the temperature of the atmofphere be at any time 
gradually augmented, a barometer, placed below the 
height of ftationary preflure, will fink, while ano- 
ther, placed higher up in the atmofphere, will rife. 
This is what M, de luc hath obferved in two ba- 
rometers at the foot and fummit of a hill, in fettled, 
weather, while the natural heat of the day hath 
been upon the increafe;. from whence he, with 

i.ealoa* 
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reafon, concludes, that between thefe two Na- 
tions, where the preflure was changing, at the fame 
time, contrary ways, there muft have been an inter- 
mediate one, which I call the height of ftationary 
preflure, where no change, in either fenfe, could 
take place, 

I fhall hereafter (hew, at what height the place 
of unaltered preflure fhould fall, by theory, for 
every change of temperature. It feems a problem 
worthy of a naturalift, to enquire how far theory 
doth, in this circumftance, agree with the real ope- 
rations of nature, 

6. It may feem, perhaps, ft ill more furprizing, 
but it is no lefs true, that there will generally be a 
particular height in the atmofphere where the denfity 
will remain unchanged, by a given change of tempera- 
ture. To determine in what changes this will hap- 
pen, and at what height the place of unaltered 
denfity, for given changes of temperature, fhould 
fall, requires only the folution of the following 
problem. 



PROBLEM FIRST, 



To find the interferon of two logarithmics, which 
have a right line given in pofition for their common 
afymptote, and their fubtangents given in magnitude ; 
an ordinate in each curve % drawn at right angles 
with the common ajymptote, through a given point in it t 
being alfo given in magnitude. 



IMA- 
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IMAGINE two logarithmics,CDE, FDG (fig. 
3, 4, 5, 6.), having the right line AB, given in 
pofition, their common afymptote $ and fuppofe 
the fubtangent of each curve given in magnitude. 
Through a given point A, in the common afymptote, 
imagine the right line AC drawn, an ordinate at right 
angles with the afymptote, meeting the curves in C and 
Fj and let AC, AF be feverally given in magnitude. 
It is required to find the point where thefe curves 
interfeft. Suppofe it done, and let D be the inter- 
fe&on. Draw DL perpendicular to AB. Through 
F, the point where AC meets one of the curves 
FDG, draw FM parallel to AB, meeting the other 
curve CDE in M. Draw M N perpendicular to 
AB, and take AH, AK equal to the given fub- 
tangents of the curves, CDE, FDG, refpe&ively* 
Now AL is the logarithm of the ratio of A F to 
LD, in the fyftem of the curve F DG; and (becaufe 
NM = A F) NL is the logarithm of the fame ratio, 
in the fyftem of the curve CDE. Therefore, 
AL : LN = AK : AH, Therefore the proportion 
of AL to LN is given $ and confequently, that 
of AN to A L is given. But AN is given in mag- 
nitude. For AC and AF are given in magnitude 
(by hypothefis). Therefore, the proportion of AC to 
AF or NM is given \ and AN is the logarithm of 
that given proportion in the fyftem of the given 
curve CDE. But AN being given in magnitude, 
and the proportion of AN to AL being given, AL 
is given in magnitude. And it is given in pofition, 
and the point A is given (by hypothefis). There- 
fore the point L is given (by 27. dat.). Therefore^ 

LD, 
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LD, being perpendicular to AL, is given in pofition 
(by 30. dat.). But AL being given in magnitude, 
the proportion of AF to LD is given (by loga- 
rithms). And AF is given in magnitude. There- 
fore LD is given in magnitude. Therefore the 
point D is given, i^. E. L 

The conftrudion is obvious. It is evident, that 
the points L and N are on the fame fide of A, if 
F be at the greater curve, as in fig. 3 and 4; but 
on different (ides of A, if the curve to which F 
belongs be the lefs, as in fig. 5 and 6 W. 

The calculation of the lengths AL, LD, by 
means of the logarithmic canon, is very iimple. 
Putting B for the fubtangent of the Briggian 
fyftem, L for the tabular logarithm of AC, and D 
for the difference of the tabular logarithms of AC, 
AF, we fhall have, 

~ n AT AHxAKxD 
■ Firft,AL = BxKH . 



And again, L hf j~ z=z tab. log. of LD. 

In this fecond expreffion, the fecond term is nega- 
tive, if the greater of the given ordinates belong to 
the lefs curve, as in fig. 3 and 5 5 but pofitive if 
the greater ordinate belong to the greater curve, as 
in fig. 4. and 6. 

Both thefe theorems are fo eafily derived from 
the preceeding analyfis of the problem, that it is 
needlefs to add the fynthetic demonftration ; but 
they may be reduced to more commodious forms fox- 
practice by the following artifice* 

(*) By the greater and the lefs curve I mean that which hath 
the greater or the lefs fubtangent. 

Firft, 
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Fffft, if A H be lef$ than. B, and AJC greater, 

put AF!=sB-.£b, and Afc=B+jB. Then HK:=; + ^B. 

And fubftituting thefc values for AH, AK, and 
HK, refpe&ively, we ihall have, by the theorem, 
for AL, 

AL u±Jlrzlt=Pj p. 

^J "I" tg 

And hence if / = *, AL == £~ ^ * i — - -• 

1 P^ $ 4 

2. If AH and A K both exceed B, 



put AH sB+-B, and AKrrB+J S. Then HKzrj-^B. 

In this cafe AL = 1i±iLt!Ltli D. 

qs — tp 

And if / =r q, AL a= t±iDx i 4-^'. 
3. Again, if both AH and AK be lefs than B, 

put Afi = B-~ - B, and AK = B— \ B. Then,HK=; -; B» 
And fubftkuting thefc values, AL = -'~^^^*^ & ; or if tzzq f 

ALrsp'Dxi— ?l 

And, by the theorem, for LD, we (hall have by 
due fuMtitution, in the firft cafe, 

L *p -» J D -rs: tab. log. LD$ or, if /=c?f # 

t =5= J|| D = tab. log. LD. 
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In the sdcaft, L ^ ?~^ D=tab. log. LD ; or, if t-q> 

L =f — f D = tab. log. LD. 

j— .p o 

In the 3d cafe, Lq^Zi^l D= tab. log. LD ; or, if /rrjs 

L q= ~~^ D = tab. log. LD. 

The formula, in which £ and ^ are equal, will 
ht of particular ufe in the application of this theory 
to the atmofphere, of which examples will fhortly 
be given. 

In Cafe 1, if ^ = o ; that is, if AH = B, 

1 — > 
AL = D x 1 + - K 

and L^Dxi-f • = tab. log. LD, 

But if - = o, AL = D x - — 1 ,- 

P 

and L =s= D x | = tab. log. LD. 

cor. The interjeflion of two logarithmic s being 
given , which have a right line given in pofitionfor 
their common ajymptote, ana Ifubtangents fever ally given 
in magnitude ; to find the point in the common afymp- 
tote, through which the ordinate^ drawn at right angles 
with the ajymptote, is cut by the curves in a given pro- 
portion, and to qffign the magnitude of eachfegment, 
is the converfe of the foregoing problem ; and the 
fame principles lead to its folution. For fuppofe 
A the point required. The proportion of AC 
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to AF being given (by hypothefis), the length of 
AL will be given, from the fame analyfis as before. 
But D being given, and the right line AB given 
in pofition, LD is given in pofition and magni- 
tude; and, AL being given, the proportion of 
LDtoAC, and alfotoAF, is given (by logarithms). 
Therefore AC and AF are each given. 

The expreffion for the length of A L is the 

A K x D 

fame as before. And tab. log. LD ± ^ = L, 

In this expreffiori the fecond term is pofitive, if the 
ordinate from A to the lefler curve is to be the 
greater of the two ; in the contrary cafe, negative. 

Now imagine CDE, FDG to be logarithmics 
of the atmofphere, in different temperatures 5 AC 
being the denfity at the eartfrs furface in one 
temperature, and AF in the other; and let AB be 
the femi-diameter of the earth : let the two loga- 
rithmics meet in D, and draw D L perpendicular to 
AB. Now if the point L be any where in the line 
AB, between A, which is at the furface of the 
earth, and B, which is the center, the ordinate L D 
will reprefent the denfity of the any in the fyftem of 

B A x AL 

both curves, at the diftance —^-^above the earth's 

flirface; and therefore, at this height, the denfity 
ig the fame in the one temperature as the other. 

If L coincide with B, D L reprefents the denfity at 
an infinite height ; but if L faUs beyonds B, DL is 
not among the ordinatcs, of either curve*, which re- 
prefent denfities any where exifting. The expref- 

O02 fion 
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lion ffj(_/rv > which is infinite when ALrrrAB, 

now becomes more than infinite, the denominator 
being negative; and there is no height in the at- 
mofphere, at which the denfity is the fame in both 
temperatures. Again, if L fall above the earth's 
furface (as in fig. 4. and 6.), LD is not among the 
ordinates of either *urve which reprefent denfities -> 

and AL, being negative,; the e&preffion B ' A ^j At ; bo 

BAxAL 
comes ^ g'xv'AV ? which expreflesa diftance below 

the earth's furface; but whether L fall above or 
below the furface depends upon the ftate of the den- 
fity at A, and the temperature jointly. If the den- 
fity were to be greater, in the greater temperature, 
then the greater ordinate at A belongs to the greater, 
curve (as in fig. 4. and 6.), and L. is above the fur- 
face: but if the denfity be lefs, when the tempe- 
rature is greater, then, of the two ordinates at A, the 
lefs be Ion gs to the greater, curve, and L is below the 
furface (as in fig. 3. and 5.) ; and in this cafe, the 
place of the point L depends upon the magnitude 
of AN, and the proportion of HKL to AK. If 
HK? AK — AN : AB, then L and B (in fig. 3. 
and 5,} coincide, and the denfities are the fame at an 
infinite height. If HK be lefs than to bear to AK, 
the proportion of AM to AB, AL will be greater 
than AB, and h will fall beyond B, and the den- 
fities are no where the fame. But if HK be 
greater Mhsn to bear to AK, the proportion of AN to 
AB, AL will be lefe than AB; and in this cafe thre 

will 
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will be a height above the earths furface, namely, 

BAxAL 

ba~-ai> at w ^ c ^ ^ e denfities, * n both tempera* 
tares, will be the fame. And it is evident, that this 
height is given, if AL be given. But AL is given, 
by the preceeding problem, if the fubtangents AH, 
AK be given in magnitude, and the proportion of 
AC to AF be given. But if each temperature be 
given, each fubtangent is given (by fed. 5. prob. 3.) 
and the proportion of AC to AF will be given by 
the barometer, (feet. 5. prob, 4.) 



EXAMPLE. 



*744> 
i 

March 26 
April 2 






r? 00- 
ferved. 



3°»' 7 
2 9>37 



in, 

54 
56 



our. 

6l 

48 



B** reduced 
to common 
temperature 

30,176 
2 9>37 



Dcnfjtittfc by 
§. 5. prob. 4. 



.«*■*■ 



I 379O4 
I38O39 



Hence D = 0.0004080 = 4,08 fathom. 

But p zz 8. $ zz 21. q rr 449. q + s zz 470. j — £ rr 13. 



and 



? + * 



36*1. 



Therefore by formula ad, AL = 150 fathom ^ and 
at a height, infenfibly greater, the denfity was the 
fame in both confutations of the tUmofphere. 

.7. It is manifeft* that the changes of denfity aitve 
and behw the height nvbere* it remains unaltered^ are 
contrary. If the l<nver devjities are diminbjked^ the 
higher ones are increajed, a?id vice verfa. Notwithftand- 
ing the mathematical evidence of tbefe conclufions, 
I ana persuaded, it will appear to many a phyfical 

paradox, 
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paradox, that heat fhould any where condenfe. I 
have already hinted at the folution* Heat doth 
not condenfe any finite mafs of matter, which is 
at liberty, on all fides, to expand itfelf ; but acting 
on a finite mafs, which hath not unlimited liberty 
of expanfion, it may condenfe one part by the rare- 
faction of another. Ading on an infinite mafs, it 
muft do this ; becaufe it can only tranfpofe. It 
neither generates new matter, nor annihilates what 
already is. What is taken therefore from one part, 
muft be added to another, and vice verfd; other- 
wife the quantity of matter, in the whole, muft be 
changed. 

Imagine A BCD to be a fmall portion of any 
orb of the atmofphere (fig. 8.) AEFB, CMND, 
CHGA, DLBK, contiguous portions. Heat drives 
many of the particles, which occupy the fpace ABCD, 
out of it ; but it likewife drives out many of the par- 
ticles which occupy the contiguous fpaces. And 
of thofe which are driven out of the contiguous 
fpaces, many will enter the fpace ABCD. If the 
particles which are driven into ABCD, be more in 
number than thofe which are driven out of it, the 
air, in this fpace, is condenfed, by that very caufe, 
which would rarefy it, if the contiguous portions 
were annihilated. Thus condenfation in one part 
may, in an infinite fluid, muft enfue from rare- 
faction in another, if the quantity of matter re- 
mains unaltered. Where then is the wonder, that 
the like effect fhould follow from the caufe of 
rarefaction combined with other caufes ? 

. &. The cafes in which L falls below B, or above 

the fur/ace, feem to be pbyjically impoffible^ without 

2 an 
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an alteration of the quantity of matter in the atmo- 
fphere*, for without this, it cannot be everywhere 
rarefied, or every where condenfed at one and the 
fame time. 

9. Having found the heights where the denfiiy is 
the fame in any two different temperatures \ the height 
where the prejjures in different temperatures are equal, 
will eqfily be determined* For this purpofe, we have 
only to feek the folution of the following problem.. 



PROBLEM 11. 



Two logarith'mics (DQF, GQK) interfering in cr 
given point (Q), (Fid: fig. 2.), having a right line 
(AC) given in poftion for their common afymptote, and. 
fubtangents fever ally given in magnitude -, to find the 
point (j3) in the afymptote* where an ordinate (/2HE^ 
being drawn at right angles , to meet both curve s r 
the areas intercepted between the two curves and the 
common afymptote infinitely extended \ beyond the ordinate 
/3E, are equal. 

LET /3L, (M be equal to the fubtangents of 
the curves DQF, GQK, refpeflively. Becaufe 
the curvilinear areas are equal 5 therefore, the rectan- 
gles jQL x jQE, j8H x j3M, are eqjaal. Therefore, 
/3E':/3H=/3M:j3L. But j3M, /3L, being given, 
the proportion of jGM to jQL is given. Therefore,, 
the proportion of /3E to /3H is given. Therefore, 
the point /3 is given (by corollary of preceeding pro- 
blem). 



[.88] 



CONSTRUCTION. 

Find the point j3 (f>y corollary of proceeding pre* 
problem) fuch that the ordinate jSHE being drawn* 
/3E, /3H, may be reciprocally as the fubtangents ; 
or that #E may be to /3H a& the fubtangent of the 
curve GHK to that of DEF : and the thing propofed 
is done. 

Now imagine the curves GQK, DQF, to repre- 

fent the logarithmics correfponding to different given 

temperatures of the air, A being at the furface of 

the earth, and C at the center. And having found 

~ A/3xCA , n . f r 
the point jG, take AB = ^3^; then B is the place 

where the barometer will ftand at the fame height, 
in both conditions of the atmofphere. 

limits. 

Draw the ordinates, AGO, CFK, and QR* If 
the point Q be any where below the ordinate 
through A, it is evident, the point # will lyo above 
the point R. And if the fubtangents /SL, #M, be 
reciprocally as the denfities AD, AG, the points 
/3, A, and confequently B, A, coincide, and the 
preflure, at the level of the fea, remains unchanged. 

If the greater fubtangent /3M be greater than to 

bear to the lefs #L, the proportion of the greater 

denfity AD to the lefs AG, /3 will fall above A, and 

B confequently will be below it ; for A/3 becoming 

4 negative, 
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L < - ~ CAxA0< CAxAjJ 

negative, the expreffion £xrjO becomes — ^ — 

And there is no place in the atmofphere where the 
preffure is the lame in one condition as the other. 
But it is, at all heights, greater in the warmer 
condition (by 5th of this). 

If the point Qfall below the central ordrnate CK, 
(fig. 7.) and thefubtangents /3L, /3M, be reciprocally 
as CF, CK, the points /3 and C will coincide, and B 
will go off to an infinite height 

If the greater fubtangent j3M be lefs than to be 
jQL as the greater denfity CF to the leffer CK, 
/3 will be found below C, and the ordinate /3E is 
not one of thofe, by which the denfity of the air, 
at any height, in either condition, is reprefented. 

CA x As 

The expreffion CA _ is more than infinite, the 

denominator being negative ; and there is no height 
at which the preffure is the fame, in both conditions 
of the atmofphere j but it is at all heights lefs in 
the warmer condition (by 5th of ths). But when- 
ever Qjfalls below the fuperficial ordinate, whether 
it be above or below the central ordinate, if /3M be 
lefs than to be to /3L as AD tc AG, and greater 
than to be to /SL as CF to CK, jS will fall between 
C and A, and an equality of preffure, in both con- 
ditions of the atmofphere, will take place at a finite 
height, determined as above. 

If Q ever falls above the fuperficial ordinate 
through A, (2 will be more above it, and B will 
be below the earth's furface, and there will be 
no height at which the preffure will be the fame ; 

Vol.LXIV. Pp but 
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but it will every where be greater in the warmer, 
temperature. 

The calculation for determining A/3 fe oiMdu's 
from the foregoing 'Mutton of the problem. Fctf 
putting B for the fubtaftgent of the Briggian fyftem, 
D for the difference of the tabular , logarithms of 
AG, AD, aiid A for the difference 6f thofs of $L, 
@M> we have, 

AR = Bxtfo (&&<**- u ) 

andR/3= BxLM (by cor. 1.) 



Therefore, A/3 ~ D — AX 



BxLM 



Therefpre, putting /3L=B *^B, atid/3M=B ± j& 

and fubffituting D~A for D in the formula for 
AL, deduced from problem i y we &all change 
them into formula for A/2, 



EXAMPLES, 



In ths example of the preceeding problem* 
D = 4>o8y and A = 121,817 fathom. Whence 
D — A is negative, and %hc point B falls above the 
furface, and the preflure was no where the fame, 
but at all heights greater in the warmer condi- 
tion .. 



EXAMPLE 



FtuU* Irruur. V*6 LXJHT. Tab .IX ./z. %$ O. 
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EXAMPLE II. 



March 26 20 
28 21 



fervedt 

30,21 



in. 



54 



out. 



58 59 



50 



B f . relucted 
to cotnmoa 
temperature 




Deafitiet, % 
§. 5. prob, 4. 



■*■«- 



13796,6 

1413M 



Hcnce^zrio. 1=19. ? =449. q 4-^=468. 1— £=9. i~L-zz$t. 

0=0.0106038. 4=0.0084332. D — a— 0.0021906=2 1,906 
fathom. Therefore, A$ = 1 1 64,42 fathom= 1,32 
miles s and at a height infenfibly greater, the preflure 
was the fame in both conditions. 

In this manner may the heights be determined, 
in which either the denfity or preflure of the air, in 
a given temperature, is the fame as in any greater or 
lower temperature:} provided the proportion be 
known between the densities, in the different tem- 
peratures, at the level of the fea, or at a given 
elevation above it 5 other wife both the problems are 
indeterminate. And I know no method of afcer- 
taining this proportion, but by a&ual obfervation of 
the barometer. The change of temperature deter- 
mines the proportion in which the fubtangent of the 
atmofphericai logiftic is changed * but in whatever 
proportion the fubtangejnt of a logiftic is changed, 
the ordinate, at a given point of the afymptote, may 
be of any imaginable length, or may bear any ima- 
ginable proportion to the fubtangent. There is no 
given geometrical relation, in the nature of the 
curve, between the length of the one and the other \ 
and experiment hath not yet brought to light any 
phyfical relation in the particular cafe in queftion. 
Diligent obfervation of the barometer and ther- 

P p % mometer 
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mometer may perhaps, in future, give more fatis- 
fa&ory information upon the fubjedr. Perhaps I have 
been too minute in detailing confequences from an 
hypothefis, of what probably never doth obtain ; 
namely, that the atmofphere may be considered as 
equally heated in all its different parts ; and that 
the variation of the abfolute elafticity of its com- 
ponent particles is proportional to the change in the 
degree of uniform temperature, as if the abfolute 
elafticity were influenced by no other caufe. Eut fuch 
is the neceffary order of enquiry. Theory muft begin 
with the moft fimple cafes, confidering whatwou/dbQ 
the effe£t of fome known caufe, a&in'g finely, and in 
the moft fin.pl. manner; and comparing, he eonelu- 
fions from what it \$fuppofed> with the effects which 
are, the difference leads us to the difcovery of other 
caufcs, and to an eftimation of the feparate effe&s of 
each, and of the compound effe&s of all the known 
caufes any how combined. I fhail only add, that as the 
ftate of an atmofphere, unequally headed in its differ* 
ent parts, may be reprefented by parts of different 
logarithmic^ it is poffible, that inftead of one point 
of unaltered denfity, and one point of unaltered 
preffure, we might find feveral, if fynchronous oh- 
fervations could be made at feveral fucceffive eleva- 
vations fufficiently different. 

10. If the atmofphere of the earth reaches to in- 
finite heights with a finite denfity ; for the fame 
reafens, that of Jupiter and every other planet, will 
reach aifo to infinite heights, above the furface of 
the planet with a finite denfity. The atmofphere 
therefore of every planet will reach to the furface of 
every other planer, and to the furface of the Sun ; 

and 



[ 293 ] 

and the atmofphere of the Sun to the furfaces of 
them all. All thefe atmofpheres will mingle, and 
form a common atmofphere of the whole fyftem. 
This common atmofphere of the fyftem will be in- 
finitely diffufed, fince the particular atmofpheres 
that compofe it are fo. It will reach therefore to 
every fixed ftarj and, for the fame reafon, that of 
every fixed ftar wili reach the central body of our 
fyftem, and of every other fyftem. The atmo- 
fpheres of all the fyftems will mix. The univerfe 
will have one common atmofphere, a fubtle elaftic 
luid, which pervades infinite fpace, and being con- 
denfed near the furfece of every larger mafs of 
matter, by the gravitation towards that mafs, forms 
ks peculiar atmofphere. 

To certain diftances from every one of thefe great 
bodies, the condenfations of this infinite fluid wili 
follow the laws of the preceeding theory nearly \ 
but to certain diftances only. For that theory con- 
fiders only the effeds of the attraction of a fingle 
fphere, and affigns the. law of the variation of den- 
fify,. fuchas would. obtain, if 0//«? fpherical body exifted 
in the midft of an infinite fluid \ and fuch as cannot 
generally obtain, unlefs that hypotkefis were true:: 
for many great fphefes being immerfed in a common 
atmofphere, the attraction of any one, at great 
diftances from it, becomes but an inconfiderablepart 
of the whole caufe, by which the denfity is modi- 
fied, the joint forces of them a!L And in many 
other circumftances, befides the condensation, the 
modifications of every particular atmofphere may- 
depend upon thofe of others, innumerable and infi- 
nitely remote; as the effluvia and exhalations of 

each 
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each great mafs, mingling with its atmofphere, may 
be distributed, in certain proportions, among all the 
reft. So that there is probably no branch of phyfics, 
in which human difcovery, in its utmoft extent, 
muft always bear fo fmall a proportion to what will 
itill remain unknown ♦ 

T A J> "j-t E I • 

equation of the boiling point 



Barometer. 


Equation. 


Difference. 


3*>° 

'j, 


+ *>57 


0,78 


3°>5 


+ 0,79 




- 




07,9 


30*0 


0|00 








0,80 


*9>S 


— 0,80 




'■ 




0,82 


29,0 


— 1,62 


0,83 




— 2,45 


o 4 S$ 


2»,0 


~ 3*3* 


0,86 


*i>s 


— 4> l6 


0,88 


27,0 


— S>°4 





The numbers in the firfl column to the left exprefs heights of the 
quickfilver in the Barometer, in Englilh inches and decimal parts. The 
fecond column gives the Equation to be applied, according to the fign 
prefixed, to 212 of Bird's Fahrenheit, to find the true boiling point, for 
every fuch ftate of the barometer. The heights of the barometer decreafe 
by J inches from 31 to 27 inches. The boiling point, for all intermediate 
Hates of the barometer, may be found, with a very fufficient accuracy, by 
taking proportional parts. For which purpofe, the differences of tbe 
equations are given in the third column. 

2 TABLE 



[ 295 ] 



TABLE II 

For the Comparifon of Thermometers.. 





LF r PF 


I 


2,225 


■ 

2,246 


3 

4 


4,45-0 
6,674 

8,9 


4»493 

6,74 
8,986 


S 


11,124 

1 


ll > 2 33 



L reduced. 



80 
75 

*5 

60 

55 
5° 

45 
40 

35 
3° 

25 
20 

15 

10 

5 
o 

- 5 
-10 

-15 

-20 

-25 
-30 

-3$ 
-40 

-45 

-5° 

—60 
-65 
-70 

-75 
-80 



P reduced. 



210,0 — ;. 
198,86*4-. 
187,74 + 
1 76,62 — 

165,49+ 
154.37— 

I 43> 2 4 » 
1*32,12 + 

121,0 — 

109,87 + 

9 8 >7S -7 
87,62 + 

76,50 + 

65,38 — 

54,25 + 

43>*3 — 
3 2 - 

20,88 — 

9>75 + 

- 1.37 + 

- 12,50 — 

- 23,62 

- 34,74 + 

- 45» 8 7 — 

- 57,00 — 

- 08,12 — 

- 79> 2 4 

- 90,36 + 

-101,49— 
—112,61 + 

-i23>75~~ 

~*34» 8 7 
—146,0 — 



211,73 — 
200,50 — 
189,26 + 
178,03 — 
166,80 — 

J 55»5^ + 
1 44*33 — 

l 33>°9-" 
121,85 + 

110,62 + 

99>39— 
88,15 + 

76,92 + 

65,69 — 

54*45 + 

43>*2 + 
32. 
20,77 — 

9>53 + 

— i,7° — ■ 

— i2»93 + 

— 24,16 + 

— 35>40 — 

— 46,63 + 

- 57,86 + 

- 69,10 — 

— 80,33 

— 91,56 + 
-102,80 — 

1 14,03 — 

125V25 + 
136,48 + 

* 47*7 2 " 



FL 



3 

5 

6 



0,449 
0,899 

i»348 
1,798 
2,247 
2,696 
3,146 

8 | 3*595 

9 4,045 
10 4,494 
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EXPLANATION. 



The principal table confifts of three columns. The numbers in the 
firft column fignify degrees, either of de luc's fcale, or the fcale which 
hath been hitherto chiefly in ufe among the French, which is divided as 
M. de luc's is ; but 28 French inches being generally mentioned, by the 
French mathematicians, as the mean height of the barometer at pa ris, it is 
to be fuppofed, that their boiling point will generally agree to that date of 
the barometer. The numbers in the next column to the right, which is 
marked L reduced, give the degrees of bird's Fahrenheit correfponding 
to the degrees of M. de luc's fcale, exprefled by the numbers of the 
firft column? and the numbers in the column marked P reduced, give the 
degrees of jjird's Fahrenheit correfponding in like manner with the 
paris fcale. The heights in the firft column diminifh by 5 fucceflively. 
But the reduction may be computed to every degree, by means of the 
little table on the left; which gives the value of fmgle degrees, either 
of de lu-c's, or of the paris fcale, in degrees of bird's Fahrenheit. 
The titles LF, PF iignifying de luc's degrees, or Paris degrees, re- 
duced to Fahrenheit's, refpe&ively. 

If there fliould be occafion to reduce heights of bird's Fahrenheit, 
either to M. de luc's, or the paris fcale, this may be done by the prin- 
cipal table, and the fmall one on the right hand; which exhibits the 
value of fmgle degrees of bird's Fahrenheit in degrees, both of de 
luc's and the" Paris fcales : the. titles FL, FP fignifying degrees of 
bird's Fahrenheit reduced to M. de luc's degrees, or the pa ris de- 
grees, refpecUvely. 



EXAM P15, 

To find the point upon a bird*s 
Fahrenheit, which correfpond* to 
-J- 58 of de luc's fcale. 

By principal table -j- 55 = 154,37 
By little table on } 
the left hand 



3 = W7 



Therefore -j- 58 = 161,04 



EXAMPLE 2 . 

To find the point upon the Paris 
fcale, which correfponds to -f 55; 
of bird's Fahrenheit. 

By principal table -f- 54,45 = 10 

^-;54>45=<M5 
By little table on 1 

the right hand j °'S = °' 22 

By ditto ~ - ~ 0,05=: 0,02 

Therefore -f- £ 5 = 1 o, 2 4 



TABLE 
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TABLE III. 

equation for the temperature of the quicksilver. 






Degrees 
of Bird's 
Fahrenh. 



2 

3 

4 

I 

7 
8 

9 

10 
20 
30 
4*> 

£ 

70 



Correction 

of Diff. 

Logarith. 



4P 
904 

1807 
2259 

2711 

3^3 
3614 
4066 
4518 
9036 

*3«4 
18072 

22590 

27108 

31626 



Fathom 



0,452 
0,904 

1,807 

2>259 

3»^3 
3*614 
4,066 
4,518 

9>°36" 

"3.554 
18,072 

22,590 

27,108 

31,626 



0,003 

0,006 

0,009 

0,012 

0,016 

0,019 

0,022 

0,025 

0,02$ 

0,031 

0,062 

0,094 

0,125 

0,156 

0,188 

0,219 



The numbers in the firft column 
are to be underftood to exprefs differ- 
ences of temperature, in the quick- 
filver of the portable Barometers at 
the two flattens, indicated by Ther- 
mometers fixed in the cafes of the 
Barometers, in degrees of Bird's 
Fahrenheit. The fecond column 
gives the correfponding corrections 
of the difference of the tabular lo- 
garithms of the obferved heights of 
the quickfilver in the barometer, to 
be added or fubtracled, according as 
the higher barometer hath been the 
warmer or cooler of the two. The 
numbers in the third column are the 
rsWth parts of thofe in the fecond. 
The manner of ufing them is ex- 
plained in the general precepts. The 
fourth, coluxnn^ives the reduction of the obferved height of the column 
of quickfilver, Li decimal parts of an inch, for the differences of tem- 
perature expreffed by the numbers of the firft column, when the height 
of the quickfilver is 30 inches ; and the reduflion for any other height 
of the qnickfilver may be thus found. Suppofe the height of the ba- 
rometer 30 d: a inches, in a certain temperature b, and this is to be 
reduced to the temperature b dfc ». From the fourth column colled the 
number correfponding to n (by repeated entry, if r*eed be). Call that 

number M. Then M =fc — M is the reduction. 

30 
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GEtfEfcAL PRECEPTS, for the CALCULATION of HEIGHTS by 

thefe tables* 



FROM the common tables of logarithms, name- 
ly, thofe which exhibit the Briggian logarithms to 
eight places, write out the logarithms of the num- 
bers, which exprefetheobferved heights of the quick- 
filver, in the portable barometers, at the two ftations. 

2. Subtraft the leffer logarithm from the greater. 

3. Divide the remainder by 1000. The quotient 
is a certain mrmber of fathom. 

4. Take the difference of the temperatures of the 
xjuickfilver, as indicated by the thermometers in the 
cafes of your portable barometers, and look for the 
corre&ibn correfponding thereto, in the third column 
of tablb in. and add that correction to the num- 
ber laft found, if the barometer at the higher ftation 
hath been the warmer of the two; otherwife fubtrad 
it. Call the fum in the firft cafe, the remainder in 
the latter, the approximate height. 

5. Add together the temperatures expreffed at the 
two ftations by the thermometers in the open air, 
under their proper figns. Take half the aggregate* 
and call it the temperature of the air. 

6. In the principal table of the equation for the 
temperature of the air (table iv.), look a-top for the 
decade of degrees next lefs than the temperature of 
the air, found by the laft rule; and from the column 
underneath it (by repeated entries if need be) colle& 
the corre&iofts for the units, decades, and centuries of 

Q q z fathom 
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fathom in the approximate height ; and if you have 
chiliads of fathom in your approximate height, find 
the correction for them, by taking the decuple of the 
corre&ion for the correfponding centuries. Add 
thefe feveral parts of the corre&ion together, and 
call the fum N. 

7. In the little table look, either a*top or in the 
outer vertical row to the left, for the units of de- 
grees in the temperature of the air, over and above 
decades, and colled the corre&ion for thefe, for the 
units, decades, centuries, &c. of fathom in the ap- 
proximate height, by taking the numbers found in 
the little table, and proper multiples thereof. Add 
thefe numbers together, and call the fum n. 

8. If the fign of the correftion found in the great 
table be -{-> ac *d N+zz to the approximate height ; 
but if the fign of the correftion found in the great 
table be — , fubtraft N — rt from the approximate 
height* The fum in the former cafe, the remainder 
in the latter, is the correft height, according to 
M. pe luc's rules. 
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EXAM PL E. 



Barometer. 

— ■■ i in. , 

Lowtr 29 6? 
Upper 25, 2$ 



in. 



+43 



Diff. 



T r . 

out. 



J Tempe- 
rature of 



14 



4-4- 



air. 



4-49 f 



Log. of lower B r . 
of upper. 

Diff. 

IOOO 
Equation for g 

Approximate height 
Equation for air N +n 

Height corre& 



14724639 
14027771 

mm-mmmm 11 i 1 

696,868 
— 6,327 



690,541 

+ H»5 



705,04 



Diff. of Thermometers in =14° = 10 + 4°« 

10? gives 4,519 
4 gives 1,808 



Equation for g 



6,327 



Temperature of air, = 49! . zz 40° -f 9°f . 

N = -f- o 



9 X 600 fathom gives 1 2 

0*6 r* by l*ttfe table. 
o,l 



Q° X 90 

£ x 600 



* x 90 



for air. 



»= 14,5 

N ~j~ » = 14,5 



EXAMPLE II, 



Barometer. 



Lower 29,45 
Upper 26,82 



Log, of lower 
of upper 

Diff. 

IOOO 

Equation f6r g 
Approximate height 

Equation for Air — 
Height corre£fr 




1.4690853 
1.4295908 



N— n. 



394*945 

396,301 
— 6*182 



390,119 



Diff, of T rs . in =.3° gives equation forg 1,356. 

Temperature of air= 33 zz 30 + 3 . 
30 upon 300 fathom gives 6,683^ D y Z reat ta * 

upon 90 2,005 i- ble for air. 

upon 6 0,1 34 J fjgn — 

» ■ >■ 

N = 8,822 



«■«•>•• 



X 300 fathom givSss.ooo^ ,. ^ bto 

X O.O 0,000 > 7 ^ ^ 

0,04 J 



90 
X 6 



for air. 



n 



N 



: 2,640 

n = 6,182 
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